
Midterm 2 – Solutions

3[10] Marginal under H1: p(y|H1) =
∫

[
∏n

i=1 Poi(yi|λNi)] Ga(λ|1, β)dλ.

Under H2: p(y|H2) =
∫

[
∏n

i=1 Bin(yi|Ni, θ)]Be(θ|1, β − 1)dθ.

Let N =
∑

Ni and S =
∑

yi.

p(y|H1) =

∏
N

yi

i
∏

yi!

∫

λSe−Nλβe−βλdλ =

∏
N

yi

i
∏

yi!
β

∫

λS+1−1e−λ(N+β)dλ

=

∏
N

yi

i
∏

yi!
βΓ(S + 1)(N + β)−(S+1).

and

p(y|H2) =

∏
Ni!

∏
yi!(Ni − yi)!

∫

θS(1 − θ)N−S(β − 1)θ0(1 − θ)β−1−1dθ

=

∏
Ni!

∏
yi!(Ni − yi)!

Γ(S + 1)Γ(N + β − S − 1)

Γ(N + β)
(β − 1).

Hence

B =
(1 − β)

∏
[

Ni!
(Ni−yi)!

Γ(N+β−S−1)
Γ(N+β)

]

β
∏

N
yi

i (N + β)−S−1
.

4a [10] Let Σ = V V ′ be a choleski decomposition of Σ and L = V −1. By multiplying
from the left with L we rewrite the likelihood as Ly

︸︷︷︸

z

∼ N(LX
︸︷︷︸

W

, I).

Find the posterior p(β|y) ∝ p(β)p(y|β, Σ) as:

p(β|y, Σ) ∝ exp
(

−
1

2
(β − µ)′T−1(β − µ)

)

exp
(

−
1

2
(z − Wβ)′(z − Wβ)

)

∝ e−
1

2
[β′T−1β−2β′T−1µ+β′(W ′W )β−2β′W ′z]

∝ e−
1

2
[β′

S
−1

︷ ︸︸ ︷

(T−1 + W ′W ) β−2β′S−1

m

︷ ︸︸ ︷

S(T−1µ + W ′z)]

∝ e−
1

2
(β−m)′S−1(β−m) = N(m, S).

4b. [5] Note that y|β ∼ N(Xβ, σ2I) and β ∼ N(µ, σ2R) imply (by Lemma 1 on the
homework 6 solutions): y ∼ N(Xµ, σ2I + σ2XRX ′)), where I is a n × n identity matrix.
Hence

p(σ2|y) ∝ p(y|σ2)p(σ2)

= N(y|Xµ, σ2(I + XRX ′))Inv-χ2(σ2|ν0, s0)

∝
(

σ2
)
−

n

2 exp[
1

2
(y − Xµ)′(I + XRX ′)(y − Xµ)] · (σ2)−(ν0/2+1)e−

1

2
ν0s0

1

σ2

=
(

σ2
)
−(

ν0+n

2
+1)

e

−
1

2

1

σ2



ν0s0+(y − Xµ)′(I + XRX ′)(y − Xµ)
︸ ︷︷ ︸

nS





= Inv-χ2
(

n + ν0,
ν0s0 + nS

n + ν0

)

.



5a. [5] Denote with X1 the n × 2 design matrix with 1 in the first column and x in
the second column, and with X2 the n × 3 design matrix with columns 1,x and x2. Let
µ1 = (0, 1)′, µ2 = (0, 1, 0).
Then (by Lemma 1 on the HW6 solution) p(y|H1) = N(y|X1µ1, I + X1X

′

1) and p(y|H2) =
N(y|X2µ2, I + X2X

′

2).
5b. [5]

B =
N(y|X2µ2, I + X2X

′

2)

N(y|X1µ1, I + X1X
′

1)
=

0.001907

0.00579
= 0.33.

5c. [5]

“p(y|H1)
′′ =

∫

p(y|X1β, I)p(β)dβ

=
∫

(2π)−
n

2 exp(
1

2
(y − X1β)′(y − X1β))

= c1(2π)−
n

2

∫

exp(−
1

2
[y′y − 2β ′X ′

1y + β ′X ′

1X1β]dβ

= c1(2π)−
n

2 exp[−
1

2
y′y] ·

∫

exp[−
1

2
[β ′(X ′

1X1)β − 2β(X ′

1X1) (X ′

1X1)
−1X ′

1y
︸ ︷︷ ︸

β̂

+β̂ ′(X ′

1X1)β̂]dβ exp[
1

2
β̂ ′(X ′

1X1)β̂]

= c1(2π)−
n

2 exp[−
1

2
y′y +

1

2
β̂ ′(X ′

1X1)β̂]|(X ′

1X1)|
−

1

2 .

Alternatively use the “candidate formula” (p129, equation 5.5) with β = β̂.
And by the same argument

∫

p(y|X2γ, I)p(γ)dγ = c2(2π)−
n

2 exp[−
1

2
y′y +

1

2
γ̂′(X ′

2X2)γ̂]|(X ′

2X2)|
−

1

2

and hence

B =
c1 exp[1

2
β̂ ′(X ′

1X1)β̂]|(X ′

1X1)|
−

1

2

c2 exp[1
2
γ̂′(X ′

2X2)γ̂]|(X ′

2X2)|
−

1

2

.


