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Summar y

W e presen t a case study illustrating the c hallenges of analyzing accelerometer data tak en from

a sample of c hildren participating in an in terv en tion study designed to increase ph ysical ac-

tivit y . An accelerometer is a small device w orn on the hip that records the min ute-b y-min ute

activit y lev els of the c hild throughout the da y for eac h da y it is w orn. The resulting data are

irregular functions c haracterized b y man y p eaks represen ting short bursts of in tense activit y .

W e mo del these data using the w a v elet-based functional mixed mo del. This approac h incorp o-

rates m ultiple �xed e�ect and random e�ect functions of arbitrary form, the estimates of whic h

are adaptiv ely regularized using w a v elet shrink age. The metho d yields p osterior samples for

all functional quan tities of the mo del, whic h can b e used to p erform v arious t yp es of Ba y esian

inference and prediction. In our case study , a high prop ortion of the daily activit y pro�les are

incomplete, i.e. ha v e some p ortion of the pro�le missing, so cannot b e directly mo deled using

the previously describ ed metho d. W e presen t a new metho d for sto c hastically imputing the

missing data that allo ws us to incorp orate these incomplete pro�les in our analysis. Our ap-

proac h b orro ws strength from b oth the observ ed measuremen ts within the incomplete pro�les

and from other pro�les, from the same c hild as w ell as other c hildren with similar co v ariate

lev els, while appropriately propagating the uncertain t y of the imputation throughout all sub-

sequen t inference. W e apply this metho d to our case study , rev ealing some in teresting insigh ts

in to c hildren's activit y patterns. W e p oin t out some strengths and limitations of using this

approac h to analyze accelerometer data.

Keywor ds: A c c eler ometer, Bayesian infer enc e, functional data analysis, missing data, mixe d

mo dels, wavelets, wavelet r e gr ession.

Short Title: Mo deling Accelerometer Data Using F unctional Mixed Mo dels



1 In tro duction

Ph ysical activit y during c hildho o d and adolescence has an impact on a n um b er of di�eren t

asp ects of subsequen t health and w ell-b eing. Studies ha v e suggested that increased ph ysical

activit y during the c hildho o d and adolescen t y ears can (1) help build and main tain health y

b ones, m uscles and join ts; (2) help con trol w eigh t, build lean m uscles and reduce fat; (3) prev en t

or dela y the dev elopmen t of h yp ertension, and help reduce blo o d pressure in some adolescen ts

with h yp ertension; (4) reduce feelings of depression and anxiet y; (5) p ositiv ely in
uence men tal

health and feelings of indep endence; and (6) p ositiv ely in
uence the dev elopmen t of self-esteem

(CDC, 2000; CDC, 2001; Dietz 1998; P earce, 1999; Strauss et al., 2001).

The systematic study of ph ysical activit y is complicated b y the tec hnical c hallenges of mea-

suremen t. One common approac h is to use self-rep ort questionnaires, but these are kno wn to

correlate p o orly with actual activit y lev els, often o v erestimating them (Matthews and F reed-

son 1995, Epstein et al. 1996, Coleman et al. 1997). Recen tly , more ob jectiv e approac hes

ha v e b een used, including computerized accelerometers: small motion sensors that can digitally

record min ute-b y-min ute activit y lev els. Their small size and automatic measuremen t capabil-

ities mak e them w ell-suited for ob jectiv ely quan tifying activit y lev els in large p opulations o v er

long p erio ds of time (W esterterp, 1999). They are b eing used increasingly to monitor activit y

lev els in large surv eillance studies and in terv en tion trials, in c hildren as w ell as adults (Ro w-

lands, Eston, and Ingledew 1999; Gortmak er 2002; Going et al. 2003; T alb ot et al. 2003; Algase

et al. 2003; Abb ott and Da vies 2004). In this pap er, w e consider accelerometer data obtained

from Planet Health (Gortmak er et al. 1999), a Boston-area study of a sc ho ol-based in terv en tion

designed to reduce ob esit y in middle sc ho ol y outh b y c hanging k ey ph ysical activit y and dietary

risk factors.

The Planet Health study used the T riT rac-R3D activit y monitor (Hemok en tics, Inc., Madi-

son, WI), whic h is w orn in a small p ouc h on the hip and pro vides min ute-b y-min ute acceleration

coun ts computed from motion sensors in three-dimensional space. The resulting daily pro�les

are irregular functional data c haracterized b y man y p eaks represen ting short bursts of in tense
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activit y . Figure 1 con tains t w o daily pro�les from 9am to 8pm from t w o di�eren t c hildren in the

Planet Health study . Other accelerometers yield similar data. In studies in v olving accelerome-

ters, it is standard practice to obtain 4 to 8 daily pro�les for eac h sub ject in the study . These

pro�les can b e analyzed directly , or used to calibrate and v alidate questionnaire-based measures

of ph ysical activit y . In practice, man y of the pro�les are incomplete, ha ving p erio ds of time for

whic h the activit y lev els are missing, for example, if the accelerometer is remo v ed.

Approac hes curren tly used to analyze these data are based on simple summaries, suc h as the

a v erage daily activit y lev el (T alb ot et al. 2003), 30-min ute a v erages (Going et al. 2003; Crado c k

et al. 2004), or the prop ortion of time sp en t ab o v e sp eci�c cuto� lev els that corresp ond to

seden tary , mo derately vigorous, and vigorous activit y (Ro wlands, Eston and Ingledew 1999;

Gold�eld et al. 2000; W esterterp 2001; Abb ott and Da vies 2004). While these summaries are

a reasonable starting p oin t, they ha v e serious limitations, mostly b ecause they do not mak e

full use of the ric h information con tained in the functional data. The prop ortions and daily

a v erages do not accoun t for time of the da y v ariabilit y , and the prop ortions do not ev en use

the actual activit y lev els. The arbitrary binning inheren t to taking 30-min ute a v erages results

in atten tuation of the signal, and conclusions ma y b e sensitiv e to the c hoice of endp oin ts for

the bins. A second imp ortan t limitation of these approac hes is that they ma y not e�ectiv ely

handle the missing data in the incomplete pro�les, whic h is a serious concern considering the

large degree of missingness that can o ccur in these data.

Metho ds that mo del the functional pro�les in their en tiret y ha v e the p oten tial to extract

more information from the data compared with metho ds based on arbitrarily c hosen summary

measures. F or example, these metho ds are able to iden tify at what time of da y c hildren are most

activ e, detect co v ariate e�ects that v ary throughout di�eren t times of the da y , and allo w the

v ariabilit y in activit y lev els to di�er across time of da y . F unctional data analysis (FD A, Ramsa y

and Silv erman 1997) is a general name for approac hes that consider the functional pro�les as

single en tities rather than simply a collection of individual data p oin ts. A k ey c hallenge with

these approac hes is that they m ust deal b oth with regularization, or b orro wing strength across
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measuremen ts within a pro�le, and replication, or com bining information across m ultiple pro�les

to mak e inferences on the p opulation from whic h they came.

The irregularit y of accelerometer pro�les mak es them esp ecially c hallenging to mo del in this

manner. They clearly cannot b e represen ted b y simple parametric structures, and the most

commonly-used nonparametric metho ds in v olv e smo othing b y k ernels or splines, whic h are not

w ell-suited for mo deling functional data with man y lo cal features lik e p eaks. Since there are

t ypically m ultiple daily pro�les p er c hild, one m ust accoun t for the p ossibilit y of correlation

b et w een pro�les. Also, there are man y factors p oten tially a�ecting the pro�les, including the

da y of the w eek, time of y ear, sc ho ol, and c hild-lev el c haracteristics lik e gender, age, and ob esit y

status. The e�ects of these factors ma y v ary b y time of da y . A suitable mo deling approac h

should b e able to sim ultaneously accoun t for functional e�ects of m ultiple co v ariates lik e these,

some of whic h are of in terest to in v estigators, and others of whic h are p oten tial confounders.

Morris and Carroll (2004) in tro duced a new metho d for analyzing functional data that ac-

commo dates these concerns. It is based on the functional mixed mo del, a generalization of the

linear mixed mo del (Laird and W are 1982) to functional data. This metho d is appropriate for

mo deling irregular pro�les with man y p eaks, since regularization is accomplished using adaptiv e

w a v elet shrink age. The functional mixed mo del allo ws m ultiple �xed e�ect functions of arbitrary

form, whic h can sim ultaneously represen t time-v arying e�ects for m ultiple co v ariates, discrete or

con tin uous in nature. It also allo ws m ultiple random e�ect functions of arbitrary form, whic h can

mo del the correlation b et w een pro�les from the same c hild. The reasonably 
exible assumptions

made on the co v ariance matrices for the random e�ects and residual errors accommo date a broad

range of nonstationary co v ariance structures. The output of the metho d consists of p osterior

samples for all quan tities in the mo del, whic h can b e used to p erform Ba y esian inference.

While Morris and Carroll (2004) cannot handle incomplete pro�les, it is based on a uni�ed

mo deling approac h, making it p ossible to dev elop rigorous metho ds for imputing the missing

data. In this pap er, w e in tro duce new missing data metho ds for the w a v elet-based functional

mixed mo del. Brie
y , our approac h is to sto c hastically sample the missing regions of the in-
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complete pro�les from their appro ximate p osterior predictiv e distributions, as estimated from

a preliminary mo del �t using only the complete daily pro�les. This approac h b orro ws strength

b oth from the observ ed measuremen ts within the incomplete pro�le and from other pro�les,

from the same c hild as w ell as other c hildren with similar co v ariate lev els, and appropriately

propagates the uncertain t y due to the imputation throughout an y subsequen t inference.

W e apply these metho ds to analyze the T riT rac-R3D data from the Planet Health study in

order to explore patterns in the c hildren's activit y lev el pro�les, to iden tify factors related to

activit y lev els, and to c haracterize the relativ e con tributions of the da y-to-da y and c hild-to-c hild

sources of v ariabilit y in order to aid the design of future studies. W e also assess the mo del �t,

and discuss the strengths and limitations of this approac h for analyzing accelerometer data.

The remainder of the pap er is organized as follo ws. In Section 2, w e describ e the Planet

Health study and explore the c haracteristics of the T riT rac-R3D accelerometer data from that

study . In Section 3, w e brie
y o v erview of w a v elets and the w a v elet-based functional mixed

mo del, and in Section 4, w e in tro duce new metho ds for imputing missing data for incomplete

pro�les in the w a v elet-based functional mixed mo dels setting. In Section 5, w e presen t the results

of our case study analysis, and in Section 6, discuss these results and assess the strengths and

limitations of this approac h for analyzing accelerometer data. A tec hnical app endix con tains

the deriv ation of the p osterior predictiv e distributions used to impute the missing data.

2 Accelerometer Data from the Planet Health Study

Childho o d ob esit y is a ma jor health problem in the United States. Planet Health w as a sc ho ol-

based in terv en tion designed to reduce ob esit y in middle sc ho ol y outh b y c hanging k ey ph ysical

activit y and dietary risk factors. The Planet Health study (Gortmak er et al. 1999) in v olv ed 10

Boston-area middle sc ho ols, whic h w ere paired up and randomized to either receiv e the in ter-

v en tion or serv e as con trol sc ho ols. F or eac h of the 1295 c hildren in v olv ed in the study , v arious

n utritional, b eha vioral, and health-related outcomes w ere measured at baseline (fall 1995) and

follo w-up (spring 1997). A subsample of 256 c hildren w as randomly selected to participate

in a substudy fo cusing on the tec hnical issue of ob jectiv ely measuring ph ysical activit y using
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accelerometers. The activit y lev els of eac h c hild in the substudy w ere monitored using the

T riT rac-R3D activit y monitor for one or t w o four-da y sessions b et w een F ebruary and Ma y 1997.

The T riT rac-R3D activit y monitor is a p o c k et-sized motion sensor that, when w orn on the hip

in a n ylon p ouc h, measures motion in three planes (horizon tal, v ertical, and mediolateral). The

T riT rac stores data o v er a sev eral da ys, after whic h the data can b e do wnloaded to a computer

to pro vide a min ute-b y-min ute record of mo v emen t in eac h dimension. The coun ts in the three

planes ma y b e com bined in to a single activit y lev el for eac h min ute b y computing the v ector

magnitude. The v ector magnitudes ma y then b e con v erted in to estimated energy exp enditure

p er min ute due to activit y (EE). The T riT rac-R3D uses a proprietary form ula in v olving the

sub jects w eigh t to compute EE; Gortmak er (2002) calculated this form ula, and then con v erted

these in to METS (metab olic units) using MET=(EE+BMR)/BMR, where BMR is the c hild's

basal metab olic rate, estimated from their gender, age, and w eigh t using the W orld Health

Organization (WHO) equations ( R e c ommende d Daily A l lowanc es 2000). The minim um activit y

lev el is 1 MET, whic h indicates the c hild is stationary , while activities yielding lev els b et w een

3 and 6 MET (e.g., w alking) are considered mo derately in tense, and activities yielding lev els of

more than 6 MET (e.g., running) are considered vigorous (Ro wlands et al. 2004).

W e fo cused on the w eekda y accelerometer pro�les from c hildren in the 5 con trol sc ho ols

that did not receiv e the in terv en tion. This data set consisted of 550 daily pro�les from 112

c hildren. Eac h daily pro�le con tained 1440 measuremen ts, the min ute-b y-min ute activit y lev els

for a single da y , measured in METs. If no mo v emen t w as recorded for 30 or more consecutiv e

min utes, w e assumed that the c hild remo v ed the monitor, and the corresp onding measuremen ts

w ere considered missing. Figure 2 con tains a heatmap of the 550 daily pro�les. A heatmap is a

graphical device that is useful for represen ting high-dimensional data sets. Eac h ro w corresp onds

to a single pro�le and eac h column is one min ute in the da y . The color of the pixel ( i; j ) indicates

the activit y lev el of pro�le i at time t

j

, with higher activit y lev els represen ted b y ligh ter colors.

F or this graph, w e co ded missing measuremen ts as 0 (blac k), and censored mo derate and vigorous

activit y lev els ( > 3 : 0 MET, white) to impro v e the con trast of the �gure. The white dashed
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horizon tal lines delineate the sc ho ols, whic h w e will refer to as sc ho ols A, B, C, D, and E,

resp ectiv ely . Note the im balance in the n um b er of pro�les obtained from eac h sc ho ol.

There w ere a large n um b er of missing measuremen ts in the data. Supplemen tary material

a v ailable on the �rst author's w eb site (h ttp://.......) con tains a plot of the prop ortion of daily

pro�les with nonmissing measuremen ts as a function of the time of the da y , and a histogram of

the prop ortion of min utes missing from 9am-8pm for the 550 pro�les. W e fo cused our analysis

on the data from 9am to 8pm, since most of the pro�les w ere missing outside this region. Only

95 of the 550 pro�les w ere complete from 9am to 8pm, and 187 pro�les had more than 80% of

this region missing. W e fo cused on the 292 pro�les that w ere at least 50% complete from 9am

to 8pm, whic h w ere from 106 c hildren. All of these pro�les w ere obtained b et w een F ebruary 10,

1997 and Ma y 28, 1997. W e also considered the criteria of 80% complete or 20% complete, and

found similar results.

F or eac h c hild, w e had a n um b er of co v ariate measuremen ts, including sc ho ol, race, gender,

age, w eigh t, heigh t, b o dy mass index (BMI), triceps skinfold (measured b y skinfold calip ers

applied to the triceps), and a v erage n um b er of hours sp en t w atc hing television p er da y . W e also

had a record of the da y-of-w eek and the calendar date on whic h eac h pro�le w as obtained.

W e w ere in terested in assessing ho w activit y lev els tended to v ary throughout the da y , across

sc ho ols, across di�eren t da ys of the w eek, o v er time from early to late spring, and across v arious

c hild-lev el co v ariates. W e also w ere in terested in assessing the relativ e v ariabilit y from da y-

to-da y and c hild-to-c hild, in order to pro vide design recommendations for future studies. W e

accomplished these goals b y applying the w a v elet-based functional mixed mo del to these data,

after adapting the pro cedure to accomo date incomplete pro�les. W e assessed ho w w ell this

mo del �t the data, and sp eci�cally c hec k ed ho w closely it predicted the frequency of b outs of

mo derate and vigorous activit y for groups of c hildren as a function of the time of da y .
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3 W a v elets and F unctional Mixed Mo dels

3.1 Brief Rev ew of W a v elets

W a v elets are basis functions that can b e used to represen t other functions, often v ery parsimo-

niously . A basic in tro duction to w a v elets can b e found in Vidak o vic (1999). A w a v elet series

appro ximation to a con tin uous function y ( t ) is giv en b y

y ( t ) =

X

k

c

J ;k

�

J ;k

( t ) +

J

X

j =1

X

k

d

j;k

 

j;k

( t ) ; (1)

where J is the n um b er of scales, and k ranges from 1 to the K

j

, the n um b er of co e�cien ts at

scale j . The functions �

J ;k

( t ) and  

j;k

( t ) are w a v elet basis functions that pro vide a lo cation-

scale decomp osition of the observ ed function. They are dilations and translations of a father

and mother w a v elet function, � ( t ) and  ( t ), resp ectiv ely , with �

j;k

( t ) = 2

� j = 2

� (2

� j

t � k ) and

 

j;k

( t ) = 2

� j = 2

 (2

� j

t � k ). The co e�cien ts c

J ;k

; d

J ;k

; : : : ; d

1 ;k

are the wavelet c o e�cients . The

c

J ;k

are called the smo oth co e�cien ts, and represen t smo oth b eha vior of the function at coarse

scale J , and the d

j;k

are called the detail co e�cien ts, and represen t deviations of the function at

scale j , where smaller j corresp ond to �ner scales. The w a v elet co e�cien ts at scale j essen tially

corresp ond to di�erences of a v erages of 2

j � 1

time units, spaced 2

j

units apart. In addition, b y

examining the phase prop erties of the w a v elet bases, w e can asso ciate eac h w a v elet co e�cien t

on eac h scale with a sp eci�c set of time p oin ts.

Theoretically , eac h co e�cien t ma y b e obtained b y taking the inner pro duct of the function

and the corresp onding w a v elet basis function, although in practice more e�cien t approac hes are

used. If the function is sampled on an equally spaced grid of length T , then the co e�cien ts ma y

b e computed using a p yramid-based algorithm called the discrete w a v elet transform (D WT) in

just O( T ) op erations. Applying the D WT to a ro w v ector of observ ations y pro duces a ro w

v ector of w a v elet co e�cien ts d = ( c

J ; 1

; : : : ; c

J ;K

J

; d

J ; 1

; : : : ; d

1 ;K

1

). This transformation is a linear

pro jection, so it ma y also b e represen ted b y matrix m ultiplication, d = y W

0

, with W

0

b eing

the D WT pro jection matrix. Similarly , the in v erse discrete w a v elet transform (ID WT) ma y b e

used to pro ject w a v elet co e�cien ts bac k in to the data space, and can also b e represen ted b y

matrix m ultiplication b y the ID WT pro jection matrix W , the transp ose of the D WT pro jection
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matrix. W e use the metho d implemen ted in the Matlab W a v elet T o olb o x (Misiti, et al. 2000)

for computing the D WT, although other implemen tations could just as w ell ha v e b een b e used.

Supplemen tary material on the �rst author's w ebsite describ es ho w this implemenation deals

with data for whic h T is not a p o w er of 2 and discusses some of its prop erties.

W a v elets can b e used to p erform nonparametric regression using the follo wing three-step

pro cedure. First, noisy data y are pro jected in to the w a v elet domain using the D WT, yielding

empirical w a v elet co e�cien ts d . The co e�cien ts are then thresholded b y setting to zero an y

co e�cien ts smaller in magnitude than a sp eci�ed threshold, and/or nonlinearly shrunk en to-

w ards zero using one of a n um b er of p ossible frequen tist or Ba y esian approac hes. These result

in estimates of the true w a v elet co e�cien ts, whic h w ould b e the w a v elet co e�cien ts for the true

function if there w as no noise. Finally , these estimates are pro jected bac k to the original data

domain using the ID WT, yielding a denoised nonparametric estimate of the true function. Be-

cause most signals ma y b e represen ted b y a small n um b er of w a v elet co e�cien ts, y et white noise

is distributed equally among all w a v elet co e�cien ts, this pro cedure yields denoised function esti-

mates that tend to retain dominan t lo cal features of the function. In this pap er, w e refer to this

prop ert y as adaptive r e gularization , since the function is regularized (i.e., denoised or smo othed)

in a w a y that adapts to the c haracteristics of the function. This prop ert y mak es the pro cedure

useful for mo deling functions with man y lo cal features lik e p eaks. References on w a v elet re-

gression can b e found in Chapters 6 and 8 of Vidak o vic (1999), and in Donoho and Johnstone

(1995), Chipman, Kolaczyk, and McCullo c h (1997), Vidak o vic (1998), Abramo vic h, Sapatinas,

and Silv erman (1998), Clyde, P armigiani, and Vidak o vic (1999), and Clyde and George (2000).

Most w ork in w a v elet regression to date has b een limited to the single-function case, with a

few exceptions. F or example, Bro wn, F earn and V ann ucci (2001) p erformed Ba y esian v ariable

selection on w a v elet co e�cien ts of functions serving as predictors for a scalar resp onse. Chang

and Vidak o vic (2002) prop osed a metho d to obtain a regularized estimate for the mean function

o v er a sample of curv es. Morris, et al. (2003) dev elop ed a w a v elet-based metho d for analyzing

hierarc hical functional data, in whic h the functions are sampled from a nested hierarc hical
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design. This metho d pro duces adaptiv ely regularized estimates and inference for the o v erall

mean function and individual pro�les. Morris and Carroll (2004) generalized this w ork to the

functional mixed mo dels setting.

3.2 F unctional Mixed Mo dels

Supp ose w e observ e n functional pro�les Y

i

( t ) ; i = 1 ; : : : ; n , all de�ned on the compact set

T 2 <

1

. A functional mixed mo del for these pro�les is giv en b y

Y

i

( t ) =

p

X

j =1

X

ij

B

j

( t ) +

m

X

k =1

Z

ik

U

k

( t ) + E

i

( t ) ; (2)

where X

ij

are co v ariates, B

j

( t ) are functional (time-v arying) �xed e�ects, Z

ik

are elemen ts

of the design matrix for functional random e�ects U

k

( t ), and E

i

( t ) are residual error pro cesses.

Here, w e assume that U

k

( t ) are indep enden t and iden tically distributed (iid) mean-zero Gaussian

pro cesses with co v ariance surface Q ( t

1

; t

2

), and E

i

( t ) are iid mean-zero Gaussian pro cesses with

co v ariance surface S ( t

1

; t

2

), with U

k

( t ) and E

i

( t ) b eing indep enden t. Note that Q indicates

the co v ariance across the random e�ect functions k = 1 ; : : : ; m , and S indicates the co v ariance

across the residual error pro cesses for the n curv es, after conditioning on the �xed and random

e�ects. Note that the iid assumptions on the individual random e�ect functions and residual

error pro cesses mak es Equation (2) a sp ecial case of the more general functional mixed mo del

presen ted in Morris and Carroll (2004). Since the resp onse, �xed e�ects, random e�ects, and

residual error pro cesses are all functional, heuristically this mo del can b e view ed as �tting

separate mixed mo dels at eac h time p oin t, but with an extra la y er added for regularization, i.e.

to b orro w strength across observ ations within a function.

Supp ose all observ ed pro�les are sampled on the same equally spaced grid t of length T . Let

Y b e the n � T matrix con taining the observ ed pro�les on the grid, with eac h ro w con taining

one observ ed pro�le on the grid t . A discrete, matrix-based v ersion of this mixed mo del can b e

written

Y = X B + Z U + E : (3)

The matrix X is an n � p design matrix con taining (nonfunctional) co v ariates; B is a p � T
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matrix whose ro ws con tain the corresp onding �xe d e�e ct functions on the grid t . B

ij

denotes

the e�ect of the co v ariate in column i of X on the resp onse at time t

j

. The matrix U is an m � T

matrix whose ro ws con tain r andom e�e ct functions on the grid t , and Z is the corresp onding

n � m design matrix. Eac h ro w of the n � T matrix E con tains the residual error pro cess for

the corresp onding observ ed pro�le. W e assume that the ro ws of U are iid MVN( 0 ; Q ) and the

ro ws of E are iid MVN( 0 ; S ), indep enden t of U , with Q and S b eing T � T co v ariance matrices

that are discrete appro ximations to the co v ariances surfaces in (2) on the grid.

This mo del is v ery 
exible and can b e used to represen t a wide range of functional data. The

�xed e�ect functions ma y b e group mean functions, in teraction functions, or functional linear

e�ects for con tin uous co v ariates, dep ending on the structure of the design matrix. The random

e�ect functions pro vide a con v enien t mec hanism for mo deling b et w een-function correlation, for

example when m ultiple pro�les are obtained from the same individual. The mo del places no

restrictions on the form of the �xed or random e�ect functions. Since the forms of the co v ariance

matrices Q and S are also left unsp eci�ed, it is t ypically not feasible to �t this mo del without

�rst making further assumptions.

3.3 W a v elet-Based F unctional Mixed Mo dels (WFMM)

Morris and Carroll (2004) did not �t mo del (4) directly , but instead pro jected the observ ed

pro�les in to the w a v elet space, then w ork ed with the w a v elet-space v ersion of the mo del. This

allo w ed the mo deling to b e done in a more parsimonious and computationally e�cien t manner,

and enabled a con v enien t mec hanism for adaptiv ely regularizing the �xed e�ect functions.

The pro jection is accomplished b y applying the discrete w a v elet transform (D WT) to eac h

ro w of Y , yielding a matrix of w a v elet co e�cien ts D = Y W

0

, where W

0

is the D WT pro jection

matrix. Ro w i of D con tains the w a v elet co e�cien ts for pro�le i , with the columns corresp onding

to individual w a v elet co e�cien ts and double-indexed b y scale j and lo cation k . It is easy to

sho w that the w a v elet-space v ersion of mo del (3) is

D = X B

�

+ Z U

�

+ E

�

; (4)

where eac h ro w of B

�

= B W

0

con tains the w a v elet co e�cien ts corresp onding to one of the �xed

11



e�ect functions, eac h ro w of U

�

= U W

0

con tains the w a v elet co e�cien ts for a random e�ect

function, and E

�

= E W

0

con tains the w a v elet-space residuals. The ro ws of U

�

and E

�

remain

indep enden t mean-zero Gaussians, but with co v ariance matrices Q

�

= W QW

0

and S

�

= W S W

0

.

Motiv ated b y the whitening prop ert y of the w a v elet transform, man y w a v elet regression

metho ds in the single-function setting assume that the w a v elet co e�cien ts for a giv en function

are m utually indep enden t. Morris and Carroll (2004) e�ectiv ely mak e this assumption in the

w a v elet-based functional mixed mo del b y constraining Q

�

and S

�

to b e diagonal. Allo wing the

v ariance comp onen ts to di�er across b oth w a v elet scale j and lo cation k yields Q

�

= diag( q

j k

)

and S

�

= diag ( s

j k

). This assumption reduces the dimensionalit y of Q and S from T ( T + 1) = 2 to

T , while still accommo dating a reasonably wide range of nonstationary within-pro�le co v ariance

structures for b oth the random e�ects and residual error pro cesses. F or example, it allo ws

heteroscedasticit y and di�ering degrees of smo othness at di�eren t regions of the curv es. Figure

1 of Morris and Carroll (2004) illustrates this p oin t. By using transforms from w a v elet pac k et

tables, it ma y b e p ossible to accommo date an ev en broader class of co v ariance matrices.

Morris and Carroll (2004) used a Mark o v Chain Mon te Carlo sc heme to generate p osterior

samples for quan tities of mo del (4). V ague prop er priors w ere used for the v ariance comp onen ts,

and indep enden t mixture priors w ere used for the elemen ts of B

�

. Sp eci�cally , the prior for

B

�

ij k

, the w a v elet co e�cien t at scale j and lo cation k for �xed e�ect function i , w as B

�

ij k

=




ij k

Normal(0 ; �

ij

) + (1 � 


ij k

) �

0

, with 


ij k

� Bernoulli ( �

ij

) and �

0

b eing a p oin t mass at zero.

This prior is commonly used in Ba y esian implemen tations of w a v elet regression, for example see

Clyde, P armigiani and Vidak o vic (1998) and Abramo vic h, Sapatinas, and Silv erman (1998). Use

of this mixture prior causes the p osterior mean estimates of the B

�

ij k

to b e nonlinearly shrunk en

to w ards zero, whic h results in adaptiv ely regularized estimates of the �xed e�ect functions.

The parameters �

ij

and �

ij

are r e gularization p ar ameters that determine the relativ e trade-o� of

v ariance and bias in the nonparametric estimation. They ma y either b e presp eci�ed or estimated

from the data using an empirical Ba y es metho d; see Morris and Carroll (2004) for details.

P osterior samples for eac h �xed e�ect function, f B

( g )

i

; g = 1 ; : : : ; G g , on the grid t are
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obtained b y applying the ID WT to the p osterior samples of the corresp onding complete set

of w a v elet co e�cien ts B

� ( g )

i

= [ B

� ( g )

i 11

; : : : ; B

� ( g )

iJ K

J

], and similarly for the random e�ect functions

U

i

. If desired, p osterior samples for the co v ariance matrices Q and S ma y also b e computed

using matrix m ultiplication Q

( g )

= W Q

� ( g )

W

0

and S

( g )

= W S

� ( g )

W

0

, resp ectiv ely . Since Q

� ( g )

and S

� ( g )

are diagonal, this ma y b e accomplished in an equiv alen t but more e�cien t manner

b y applying the 2-dimensional v ersion of the ID WT (2d-ID WT) to Q

� ( g )

and S

� ( g )

(V ann ucci

and Corradi, 1999). These p osterior samples of the quan tities in mo del (3) ma y subsequen tly

b e used to p erform an y desired Ba y esian inference.

4 Handling Incomplete Pro�les in WFMM

The metho d describ ed ab o v e cannot b e used to analyze data for whic h some the pro�les are

incomplete, i.e., not fully observ ed on the grid t , b ecause the �rst step of the metho d, the

D WT, cannot b e applied to incomplete pro�les. Under these circumstances, one alternativ e is

to simply p erform a "complete case" analysis that uses only the complete pro�les. Ho w ev er,

this is ine�cien t since it ignores information con tained in the incomplete pro�les. This problem

is esp ecially sev ere when a high prop ortion of observ ed pro�les are incomplete, whic h is true for

the T riT rac accelerometer data from the Planet Health study .

In this section, w e in tro duce t w o missing data approac hes that can b e used to incorp orate

information from the incomplete pro�les in the w a v elet-based functional mixed mo del when

there are at least some complete pro�les a v ailable. Both metho ds in v olv e imputation of "miss-

ing w a v elet co e�cien ts" from predictiv e distributions at eac h iteration of the MCMC. Missing

w a v elet co e�cien ts are w a v elet co e�cien ts for an individual pro�le, for whic h the supp ort of the

corresp onding basis function in tersect missing regions of the pro�le. In the �rst metho d, the im-

putation distributions are de�ned based on the p osterior means of mo del parameters obtained

from an MCMC applied to the complete case data, while in the second, p osterior predictiv e

means and v ariances are used. These approac hes are appropriate to use when the data is miss-

ing completely at random (MCAR, Little and Rubin, 2002) Crado c k, et al. (2004) describ ed a

v alidation study in whic h they concluded that the missingness in the accelerometer data from

13



the Planet Health study w as MCAR.

Supp ose w e ha v e an incomplete pro�le, Y

i

( t ), that is observ ed on the set of times t

O

, but

missing on the set of times t

M

, with t

O

[ t

M

= t , an equally spaced grid on the region T .

F rom (3), the mo del for Y

i

, a ro w v ector con taining the full pro�le on the grid t , is giv en b y

Y

i

= X

i

B + Z

i

U + E

i

; where X

i

is 1 � p , B is p � T , Z

i

is 1 � m , U is m � T , and E

i

is 1 � T . The

ro ws of U are indep enden tly distributed as Normal f 0 ; Q g , and E

i

� Normal f 0 ; S g . Let 
 b e

the v ector con taining the co v ariance parameters determining the matrices Q and S . The join t

distribution of the pro�le on the grid, conditional on the �xed e�ects, co v ariance parameters,

and random e�ects, is f Y

i

j B ; 
 ; U g � Normal ( �

i

; �

i

), with

�

i

= X

i

B + Z

i

U (5)

�

i

= S : (6)

P artition Y

i

= ( Y

O

i

Y

M

i

), with Y

O

i

= f Y

i

( t ) : t 2 t

O

g and Y

M

i

= f Y

i

( t ) : t 2 t

M

g b eing

v ectors of length T

O

i

and T

M

i

con taining the observ ed and missing regions of the pro�le, resp ec-

tiv ely . Similarly partition �

i

= ( �

O

i

�

M

i

) and �

i

=

�

�

O ;O

i

�

O ;M

i

�

M ;O

i

�

M ;M

i

�

: By standard conditional

normal calculations, w e �nd that

f Y

M

i

j Y

O

i

; B ; 
 ; U g � Normal( �

M j O

i

; �

M j O

i

) ; (7)

with �

M j O

i

= �

M

i

+ �

M ;O

i

(�

O ;O

i

)

� 1

( Y

O

i

� �

O

i

) and �

M j O

i

= �

M ;M

i

� �

M ;O

i

(�

O ;O

i

)

� 1

�

O ;M

i

. W e

refer to this conditional distribution as the imputation distribution . This distribution represen ts

a linear regression of the missing data on the observ ed parts of the pro�le.

In the Ba y esian paradigm, a natural w a y to deal with the missing data Y

M

i

is to treat

it as an unkno wn parameter v ector to b e up dated at eac h iteration of the MCMC from its

complete conditional distribution, whic h is the imputation distribution (7). While conceptually

straigh tforw ard, this fully Ba y esian approac h is computationally infeasible here. It requires

n umerous applications of the D WT and ID WT and extra matrix in v ersions and m ultiplications

at eac h iteration of the MCMC, since the missingness is in the data space and the MCMC is

applied to the w a v elet space v ersion of the mo del.
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A less computationally in tensiv e alternativ e is to �rst p erform a "complete case analysis" to

obtain p osterior samples of the mo del parameters, then use these to c haracterize the imputation

distribution (7). This distribution ma y then b e pro jected in to the w a v elet space to yield a

distribution from whic h random dra ws of the "missing w a v elet co e�cien ts" can b e tak en at eac h

iteration of the MCMC. This approac h do es not require an y D WTs, ID WTs, or extra matrix

in v ersions or m ultiplications to b e done inside the MCMC.

F ollo wing are the sp eci�c steps necessary to implemen t this approac h, using the p osterior

mean estimates from the complete case run to c haracterize the mean and v ariance in (7).

1. Fit the w a v elet-based functional mixed mo del to the set of complete pro�les Y

C

. Compute

b

B ,

b

U , and

b

S , the p osterior mean estimates of the �xed e�ect functions, random e�ect

functions, and residual co v ariance matrix using the pro cedure describ ed in Section 3.3.

2. F or eac h incomplete pro�le Y

i

( t ),

(a) Compute

b

�

M j O

i

and

b

�

M j O

i

in (7), using the p osterior mean estimates of the mo del

quan tities in place of �

i

and �

i

.

(b) F orm the mean imputed pro�le M

i

( t ) on the grid t , M

i

, b y setting M

i

( t ) = Y

i

( t ) for

t 2 t

O

and M

i

( t ) =

b

�

M j O

i

for t 2 t

M

.

(c) F orm the co v ariance matrix for the imputed pro�le V

i

( t

1

; t

2

) on t � t , b y setting

V

i

( t

1

; t

2

) =

b

�

M j O

i

( t

1

; t

2

) if t

1

; t

2

2 t

M

and V

i

( t

1

; t

2

) = 0 if t

1

2 t

O

or t

2

2 t

O

.

(d) Apply the D WT to the mean imputed pro�le, yielding the corresp onding v ector of

w a v elet co e�cien ts, M

�

i

= M

i

W

0

, double-indexed b y w a v elet scale j and lo cation k .

(e) Apply the 2-d D WT to the co v ariance matrix for the imputed pro�le to compute the

corresp onding co v ariance matrix of the imputed w a v elet co e�cien ts, V

�

i

= W V

i

W

0

.

Because of our indep endence assumption b et w een the w a v elet co e�cien ts within a

giv en function, w e restrict atten tion to the diagonal elemen ts of this matrix, v

�

i

=

diag ( V

�

i

). Eac h elemen t of the v ector v

�

i

, v

�

ij k

, con tains the imputation v ariance for

a single w a v elet co e�cien t, double-indexed b y scale j and lo cation k .
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3. Fit the w a v elet-based functional mixed mo del to the full data set, including the complete

and incomplete pro�les. A t eac h iteration of the MCMC, add a step whereb y for eac h

incomplete pro�le indexed b y i , w e dra w eac h w a v elet co e�cien t d

ij k

( j = 1 ; : : : ; J , k =

1 ; : : : ; K

j

) from its w a v elet-space imputation distribution, whic h is Normal ( M

�

ij k

; v

�

ij k

). F or

an y "observ ed" w a v elet co e�cien ts for whic h the corresp onding w a v elet basis function,

 

j k

( t ), is completely con tained within t

O

, the imputation v ariance v

�

ij k

will b e 0 and the

imputation mean M

�

ij k

will b e d

ij k

, the w a v elet co e�cien t w e w ould ha v e obtained b y

applying the D WT to the pro�le Y

i

if it w ere completely observ ed.

This pro cedure assumes that for eac h incomplete pro�le Y

i

, w e ha v e at least one complete

pro�le from that c hild, since it conditions on estimates of the corresp onding c hild-lev el random

e�ect function in U from the complete case analysis. The pro cedure is easily adapted for pro�les

for whic h this is not true b y substituting �

i

= X

i

B and �

i

= Q + S for (5) and (6), resp ectiv ely .

Recall that in our example Q represen ts the c hild-to-c hild co v ariance and S the da y-to-da y

co v ariance. Inclusion of the c hild-to-c hild v ariabilit y tends to in
ate the imputation v ariances.

This approac h has sev eral desirable qualities. It is easy to implemen t and mak es full use

of the functional data, b orro wing strength b oth within and b et w een pro�les while p erforming

the imputation. The b orro wing of strength from within the pro�le is accomplished through the

conditional distribution in (7), and the b orro wing of strength b et w een pro�les o ccurs from the

use of parameter estimates from the complete case analysis to c haracterize the distributions in

(5) and (6). Because m ultiple dra ws are tak en from the imputation distribution, the estimated

v ariabilit y of the imputation is propagated throughout an y subsequen t inference.

Ho w ev er, one w eakness of this approac h is that b y conditioning on the parameter estimates

from the complete pro�le mo del �t, it fails to propagate the uncertain t y of the parameter

estimation in to the imputation v ariances. This problem can b e �xed b y using p osterior predictiv e

distributions instead, whic h in tegrate o v er this uncertain t y . That is, replace the conditional mean

and co v ariance in (5) and (6) in the imputation distribution in (7) b y the p osterior predictiv e

mean and co v ariance, �

pred

i

= E ( Y

i

j Y

C

) and �

pred

i

= v ar( Y

i

j Y

C

), resp ectiv ely . Giv en a set
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of G MCMC samples from the complete pro�le run, these ma y b e estimated b y the follo wing

equations:

b

�

pred

i

= G

� 1

G

X

g =1

�

( g )

i

=

b

�

i

(8)

b

�

pred

i

=

b

S + ( G � T )

� 1

G

X

g =1

f �

( g )

i

�

b

�

pred

i

g

0

f �

( g )

i

�

b

�

pred

i

g ; (9)

with �

( g )

i

= X

i

B

( g )

+ Z

i

U

( g )

, and B

( g )

and U

( g )

b eing the p osterior samples of B and U from iter-

ation g of the complete case MCMC, and

b

S the p osterior mean estimator of the within-function

residual co v ariance matrix S . Details of the deriv ations of (8) and (9) are in the app endix. These

distributions appropriately propagate the uncertain t y in parameter estimation throughout the

imputation distributions. They are not fully e�cien t, ho w ev er, since they in tegrate o v er the

p osterior distribution of the parameters conditional on only the "complete case" data, while the

fully Ba y esian approac h w ould in tegrate o v er the p osterior conditional on all a v ailable data.

Note that b ecause of the mixture prior placed on B

�

, the predictiv e distribution f ( Y

i

j Y

C

)

is not m ultiv ariate normal. Th us, b y represen ting this distribution b y its �rst t w o momen ts

and using the normal distribution to p erform our imputation, w e are using an appro ximation.

This k eeps the pro cedure computationally feasible, since sampling from the actual p osterior

predictiv e distribution w ould require m ultiple D WT and ID WT calculations within the MCMC,

as w as the case for the fully Ba y esian approac h. Our use of the p osterior predictiv e means and

v ariances impro v es up on the conditional approac h b ecause it propagates the uncertain t y due to

parameter estimation in the correct manner, as indicated b y the second term in (9).

5 Analysis of T riT rac Data from Planet Health

5.1 Complete Case Analysis

W e �rst mo deled the set of complete pro�les in order to obtain p osterior predictiv e distributions

to c haracterize the imputation distributions for the missing parts of the incomplete pro�les.

There w ere a total of 95 complete daily pro�les from 61 c hildren, i.e., had no missing observ ations

b et w een 9am and 8pm. Let Y

C

b e the 95 � 660 resp onse matrix, eac h ro w of whic h con tained
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the log accelerometer pro�le (in log METs) for one da y from one c hild, sampled on the time grid

t = f t

m

; m = 1 ; : : : ; 660 g , consisting of ev ery min ute from 9am to 8pm. W e log transformed the

data to stabilize the v ariance and mak e the data more symmetric to accommo date the Gaussian

error assumptions underlying the functional mixed mo del.

W e mo deled these data using the functional mixed mo del (3), Y

C

= X B + Z U + E . The ma-

trix X w as a 95 � 13 design matrix con taining c hild and da y-lev el co v ariates, and corresp onding

to the 13 � 660 matrix B , whose ro ws w ere the �xed e�ect functions on the grid t . En try B

ij

describ ed the e�ect of co v ariate i on the activit y lev els at time t

j

. The matrix Z w as a 95 � 61

design matrix, with corresp onding 61 � 660 matrix U , for whic h eac h ro w con tained the random

e�ect function for a single c hild on the grid t . The 95 � 660 matrix E con tained the residual

errors on the same grid. W e assumed that the ro ws of U and E w ere m utually indep enden t

mean zero Gaussians with 660 � 660 co v ariance matrices Q and S , resp ectiv ely .

The X matrix w e used included columns corresp onding to an o v erall functional "in tercept",

a gender e�ect (=1 if b o y , -1 if girl), an e�ect for higher tricep skinfolds (=1 if > 20, =-1 if � 20),

a b o dy mass index (BMI) e�ect, an e�ect for the a v erage n um b er of hours p er da y w atc hing

television, da y-of-w eek e�ects, a seasonal e�ect (=1 if after the b eginning of da yligh t sa vings

time [DST], =0 if b efore DST), and sc ho ol e�ects. All e�ects w ere functional, meaning that

they w ere allo w ed to v ary as a function of time of da y . Both the BMI and TV hours co v ariates

w ere treated as con tin uous, with the BMI co v ariate mean-cen tered and the TV hours co v ariate

standardized. Sc ho ol e�ects w ere only included for sc ho ols B, D, and E, since there w ere only 1

and 4 complete pro�les from sc ho ols A and C, resp ectiv ely out of the total of 11 and 15 that w ere

at least 50% complete from these t w o sc ho ols. W e determined this w as not enough replication

to estimate the corresp onding sc ho ol �xed e�ects.

W ritten out in scalar form, the mo del for pro�le i at time t

j

, Y

C

i

( t

j

), w as Y

C

i

( t

j

) =

B

0

( t

j

) +

P

12

k =1

X

ik

B

k

( t

j

) +

P

61

k =1

Z

ik

U

k

( t

j

) + E

i

( t

j

) ; where U

k

( t

j

) w ere mean-zero Gaussians

with co v f U

k

( t

j

) ; U

k

0

( t

j

0

) g = Q

j j

0

if k = k

0

, 0 otherwise; E

i

( t

j

) w ere mean-zero Gaussians with

co v f E

i

( t

j

) ; E

i

0

( t

j

0

) g = S

j j

0

if i = i

0

, 0 otherwise; and co v f U

k

( t

j

) ; E

i

( t

j

0

) g = 0 for all i; j; j

0

; k .
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W e �t the wv aelet-based functional mixed mo del describ ed in Section 3.3 and obtained

p osterior samples for all parameters in this mo del. W e c hose a Daub ec hies w a v elet with 4

v anishing momen ts (Daub ec hies 1992), and p erformed the w a v elet decomp osition to J = 8

lev els. Maxim um lik eliho o d estimates w ere used as starting v alues for the MCMC for all mo del

parameters. The regularization parameters w ere estimated using the empirical Ba y es approac h

describ ed in Morris and Carroll (2004), with �

ij

� 1 and �

ij

c hosen v ery large for the smo oth

co e�cien ts and the 2 coarsest lev els of w a v elet co e�cien ts to mak e the degree of shrink age at

these lev els negligible. V ague prop er priors w ere used for the v ariance comp onen ts. After a

burn-in of 1000, w e obtained 20,000 MCMC samples of the mo del parameters, k eeping ev ery

10

th

. This to ok roughly 7 hours to run on our Xeon 3.2 GHz Windo ws 2000 mac hine with 2GB

RAM, and the p osterior samples o ccupied roughly 300MB. T race plots and Metrop olis-Hastings

acceptance probabilities indicated that the MCMC had go o d con v ergence prop erties.

5.2 Imputation Distributions for Incomplete Pro�les

W e used these p osterior samples to estimate the p osterior predictiv e means and v ariances for

eac h incomplete pro�le,

b

�

pred

i

and

b

�

pred

i

in (8) and (9). As describ ed in Section 4, w e used

these estimates as the basis for the imputation distributions for the missing data.

Figure 3 con tains six incomplete pro�les, with their missing regions replaced b y the mean and

95% p oin t wise b ounds of their imputation distributions. Note ho w the imputation distributions

b orro w strength from nearb y observ ations and tend to "connect" the imputed data with nearb y

observ ed data. They also allo w the magnitude of the nearb y observ ed data to pla y a role in

the imputation. Also, the imputation v ariances tend to b e smaller for the v alues immediately

adjacen t to observ ed v alues, and in regions of the curv es with less v ariabilit y in the p opulation.

Using the D WT, w e pro jected these imputation distributions in to the w a v elet space. A t eac h

iteration of the MCMC applied to the full data set, w e to ok random dra ws from this distribution

to �ll in the "missing w a v elet co e�cien ts."
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5.3 Mo del for Analysis of F ull Data Set

W e used the same underlying mo del for the full data analysis as for the complete case analysis,

except w e remo v ed the functional in tercept term and allo w ed eac h sc ho ol to ha v e its o wn �xed

e�ect function, since the full data set con tained enough pro�les to reliably estimate them all.

W e obtained p osterior samples for all parameters in this mo del using an MCMC, with the

missing w a v elet co e�cien ts sampled from their imputation distributions at eac h iteration, as

describ ed in Section 4. W e used the same metho d settings as used in the complete case analysis.

W e ran four parallel c hains, eac h with a burn-in of 1000 and consisting 2500 MCMC samples,

k eeping ev ery 5. This to ok roughly 40 hours to run, and the p osterior samples o ccupied roughly

300MB. F or 87% of the v ariance comp onen ts, the Metrop olis-Hastings acceptance probabilities

w ere b et w een 0.25 and 0.50. T race plots indicated go o d con v ergence prop erties.

5.4 Results

Analysis of Fixed E�ect F unctions: T o consider the marginal time of the da y e�ect on

activit y lev els, w e computed the o v erall mean curv e b y equally w eigh ting eac h of the sc ho ols'

�xed e�ects functions and conditioning on the mean v alues of all other co v ariates. Figure 4(a)

con tains the p osterior mean and 90% p osterior p oin t wise credible b ounds for the o v erall mean

curv e. Throughout the sc ho ol da y , the curv e is c haracterized b y n umerous spik es that indicate

p erio ds of time of co ordinated activit y , e.g., class switc hes and lunc h p erio ds for the di�eren t

sc ho ols. There is a large spik e b et w een 2:15pm and 3:00pm corresp onding to the end of the

sc ho ol da y . The mean activit y pro�les are less spiky after sc ho ol, indicating less co ordinated

activit y across da ys and c hildren. The mean activit y lev els remained relativ ely constan t from

3:00pm to 6:30pm, then decreased later in the ev ening.

F or eac h �xed e�ect function, w e plotted the p osterior mean curv e and computed p oin t wise

90% p osterior b ounds. Tw o of these are plotted in Figure 4, panels (b) and (c), and other curv es

are a v ailable b y request from the �rst author. Recall that the e�ects are additiv e on the log

scale, so they are m ultiplicativ e on the MET scale. Exp onen tiating the v alues in these plots

yields the m ultiplicativ e e�ects. These m ultiplicativ e e�ects can subsequen tly b e con v erted in to
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p ercen t increases or decreases in the MET scale.

T o further summarize the results, w e computed the a v erage p ercen t increases/decreases

corresp onding to eac h �xed e�ect function, aggregating within the follo wing time in terv als,

c hosen based on the structure eviden t in the o v erall mean curv e: (1) all da y , 9am-8pm; (2)

morning, 9am-11:30am; (3) lunc h, 11:30am-12:30pm; (4) afterno on, 12:30pm-2:15pm; (5) going

home, 2:15pm-3:00pm; (6) after sc ho ol, 3:00pm-5:30pm; (7) early ev ening, 5:30pm-7:00pm; and

(8) late ev ening, 7:00pm-8:00pm. The 90% credible in terv als for these quan tities are rep orted

in square brac k ets.

The �xed e�ect curv es for the di�eren t sc ho ols w ere c haracterized b y n umerous p eaks presen t

throughout the sc ho ol da y . These w ere most eviden t for sc ho ol E; see Figure 4(b). This sc ho ol

pro vided the most daily pro�les in this data set (146 out of 292), and it app eared to ha v e the

most regular sc hedule of the sc ho ols in the study; see Figure 2. The regular pattern of p eaks

rev eals the sc ho ol's class sc hedule. The large p eaks in the morning and afterno on are exactly 48

min utes apart, and indicate class switc hes. The three p eaks around no on are 24 min utes apart,

and lik ely indicate di�eren t lunc h p erio ds. F rom the large extended spik e in the afterno on, w e

surmise that sc ho ol let out around 2:15pm. Although regular p eaks w ere eviden t in the sc ho ol's

main e�ect curv e, they w ere not ob vious in an y individual curv e b ecause of the high lev els of

da y-to-da y and c hild-to-c hild v ariabilit y . This can b e seen in the b ottom t w o panels of Figure

1, whic h con tain pro�les from a c hild at this sc ho ol.

W e found that c hildren tended to less activ e on T uesda ys (3.3% decrease [-6.2%, -0.2%]),

Th ursda ys (2.9% decrease [-5.5%, -0.2%]), and F rida ys (3.6% decrease [-6.8%, -0.4%]), compared

to Monda ys, aggregating o v er the en tire da y . These e�ects w ere esp ecially strong during the

after-sc ho ol p erio d (3:00-5:30, T uesda y -7.7% [-12.6%, -2.2%], Th ursda y -7.8% [-12.5%, -3.1%],

F rida y -5.8% [-11.4%, -0.1%]) A similar but less pronounced trend w as presen t on W ednesda ys

(o v erall 1.9% decrease [-5.0%, 1.4%], after sc ho ol 5.1% decrease [-10.5%, 0.9%]).

In 1997, da yligh t sa vings time (DST) in Boston started on April 6th. W e found that activit y

lev els w ere generally higher after DST than b efore DST (o v erall 8.2% increase [-0.5%, 18.1%]).
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See Figure 4(c). This e�ect w as esp ecially strong as sc ho ol w as letting out (2:15-3:00, 25%

increase [4.2%, 53.4%]) and in the early ev ening (5:30-7:00, 29.5% increase, [5.6%, 59.2%] ), a

time p erio d during whic h the sun w as still out after DST, but had already set b efore DST.

There w as no evidence of an y di�erence in activit y lev els b et w een c hildren with tricep skinfold

calip er v alues ab o v e or b elo w 20. Bo ys tended to b e sligh tly more activ e than girls, on a v erage,

most notably o v er lunc h (4.8% increase [0.5%, 9.1%]).

V ariance Comp onen t Analysis: W e summarized the relativ e da y-to-da y v ariabilit y b y

� = T r ( S ) = f T r ( Q ) + T r ( S ) g , where T r ( Q ) and T r ( S ) w ere the traces of the c hild-to-c hild and

da y-to-da y co v ariance matrices Q and S , resp ectiv ely . The p osterior mean of � w as 90.9%,

indicating 90.9% of the v ariabilit y in the log accelerometer pro�les w as da y-to-da y and 9.1%

c hild-to-c hild. The 90% p osterior credible in terv al for � w as [88.8%, 92.8%].

T o ev aluate ho w these sources of v ariabilit y v aried o v er t , w e considered the c hild-to-c hild

and da y-to-da y v ariances as a function of t , V

q

( t ) = Q ( t; t ) and V

s

( t ) = S ( t; t ), resp ectiv ely

(plots a v ailable in supplemen tary material a v ailable at h ttp://.....). W e found the c hild-to-c hild

v ariabilit y w as greater during the sc ho ol da y than after sc ho ol, while the da y-to-da y v ariabilit y

w as greater after sc ho ol than during the sc ho ol da y . The relativ e v ariabilit y from da y-to-da y as

a function of time of the da y , � ( t ) = V

s

( t ) = f V

q

( t ) + V

s

( t ) g , rev ealed that the p ercen t of v ariabilit y

from da y-to-da y increased from 85-90% during the sc ho ol da y up to 95-99% after 3pm.

Assessing Bouts: In the literature on accelerometer data, there has b een a great deal of

in terest in studying "b outs," or short bursts of in tense activit y . Here, w e considered b outs to

b e p erio ds of time during whic h the c hild w as engaging in mo derate or vigorous activit y , whic h

corresp onded to activit y lev els of greater than 3.0 MET (Ro wlands et al. 2004). In the existing

literature, the data analysis p erformed frequen tly includes estimating the probabilities of b outs

for di�eren t groups of individuals. In our w a v elet-based functional mixed mo del approac h, w e

did not directly mo del these probabilities, but the uni�ed Ba y esian framew ork underlying the

metho d made it easy to compute these probabilities as a function of the time of da y for an y

group of individuals using the p osterior samples output from the MCMC.
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Giv en a c hild with co v ariate lev els X

�

, the p osterior predictiv e probabilit y that they ex-

p erience a b out at time t in a h yp othetical future daily activit y pro�le Y

�

( t ) is giv en b y

�

WFMM

( t ) = P r f Y

�

( t ) > 3 : 0 j Y ; X

�

g =

R

I f Y

�

( t ) > 3 : 0 g f f Y

�

( t ) j � ; X

�

) g f ( � j Y ) d� , where � =

f B ; Q; S g are the �xed e�ect and co v ariance parameters in the mo del, and Y are the pro�les

w e used to �t the mo del. This expression can b e estimated from the G p osterior samples �

( g )

=

f B

( g )

; Q

( g )

; S

( g )

g ; g = 1 ; : : : ; G , obtained from the MCMC, b y

b

�

WFMM

( t ) = G

� 1

P

G

g =1

�[ f 3 : 0 �

�

( g )

( t ) g =�

( g )

( t )], where �

( g )

( t ) = X

�

B

( g )

( t ), �

( g )

( t ) =

q

Q

( g )

( t; t ) + S

( g )

( t; t ) , and �( x ) is the

standard normal cdf ev aluated at x .

W e computed the probabilit y of b outs as a function of the time of the da y for Th ursda ys

b efore DST for c hildren from sc ho ol E. This curv e is giv en b y the dashed line in Figure 4(d). T o

c hec k ho w w ell our mo del captured these b outs, w e also computed an empirical estimate of the

probabilit y of b outs for eac h time p oin t a v eraging o v er the n = 42 accelerometer pro�les obtained

on Th ursda ys b efore DST from c hildren enrolled at sc ho ol E. The ra w empirical estimator w as

b

�

EMP

( t ) = n

� 1

P

n

i =1

I ( Y

i

( t ) > 3 : 0). The solid line in Figure 4(d) is a w a v elet-denoised v ersion

of this curv e, denoised using Sur eshrink (Donoho and Johnstone, 1995) with soft thresholding.

Although w e did not directly mo del the probabilit y of b outs, our w a v elet-based functional mixed

mo del app eared to do a reasonable job of capturing these features of the data.

6 Discussion

W e �rst discuss the sp eci�c results of our analysis, and then assess the �tness of the w a v elet-

based functional mixed mo del for analyzing accelerometer data.

W e w ere not surprised b y the large da yligh t sa vings time (DST) e�ect w e observ ed in the

data. Considering the w eather in Boston, naturally c hildren tended to b e more activ e after April

6th than b efore. In 1997, the sun set in Boston at times ranging from 5:10pm to 6:15pm from

F ebruary 10th through April 5th, then from 7:16pm through 8:11pm from April 6th through

Ma y 28th. This ma y explain the v ery large spik e in the DST e�ect b et w een 5pm and 7pm.

In our relativ e v ariabilit y analysis, w e found that after adjusting for the co v ariates, the da y-

to-da y dominated the c hild-to-c hild v ariabilit y , esp ecially during the after-sc ho ol hours. In other
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w ords, the di�erence b et w een the a v erage log pro�les of a v ery activ e and v ery inactiv e c hild

with the same co v ariate lev els is small compared to the v ariabilit y in activit y for a giv en c hild

from da y-to-da y , esp ecially after sc ho ol. This suggests that it is imp ortan t to get man y da ys

p er c hild in order to accurately quan tify eac h c hild's t ypical lev el of activit y . While it is already

t ypical in these studies to monitor eac h c hild for 4 to 8 da ys, it ma y b e a b etter design to obtain

ev en more da ys p er c hild, esp ecially if this do es not result in m uc h increase in cost for the study .

While not directly mo deling the b outs, the w a v elet-based functional mixed mo del yields es-

timates of the probabilit y of b outs at di�eren t times of the da y for c hildren with di�eren t lev els

of the co v ariates. It app ears that this mo del do es a reasonable job of capturing these b outs,

indicating that it is at least somewhat e�ectiv e in mo deling some of the tail b eha vior in the

distributions. Ho w ev er, there is some evidence of atten uation in our mo del-based estimates of

these probabilities, esp ecially during the after-sc ho ol p erio d in whic h there is less co ordinated

activit y and more da y-to-da y v ariabilit y . These ma y b e related to our underlying assumptions of

normalit y and equal co v ariances across di�eren t groups of c hildren. It is p ossible in our frame-

w ork to allo w di�eren t co v ariance parameters across di�eren t groups of c hildren, and to relax the

normalit y assumptions using scale mixtures of normals These adaptations w ould accommo date

hea vier tails and ma y do an ev en b etter job of capturing these b outs.

The w a v elet-based functional mixed mo del is a p o w erful to ol for analyzing accelerometer

data. It allo ws one to consider the join t functional e�ects of m ultiple co v ariates, and has the

abilit y to mo del correlations b et w een pro�les obtained from the same individual using random

e�ect functions. The functions are allo w ed to b e of arbitrary form, and the within-function

co v ariances are allo w ed to b e nonstationary . The �xed e�ect functions are adaptiv ely regularized

using the principles of w a v elet shrink age. Less adaptiv e metho ds using k ernels or splines w ould

result in more atten uation of dominan t lo cal features in the �xed e�ects curv es, p ossibly resulting

in reduced p o w er for inference.

It is also p ossible to in tro duce other random e�ect functions to accoun t for co v ariance due

to other clustering factors, suc h as sc ho ol or neigh b orho o d. In this analysis, w e c hose to mo del
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the sc ho ols using �xed e�ects b ecause there w ere so few of them, but giv en more sc ho ols, w e

could use random e�ects. It w ould b e a go o d idea to use more sc ho ols in these studies, since

the sc ho ol-to-sc ho ol v ariabilit y app ears to b e large, and it w ould b e in teresting and imp ortan t

to study a wider range of sc ho ols with di�eren t so cio economic mak eups.

Our mo del is linear in that w e assume the e�ects are linear in the co v ariates. It w ould b e

in teresting to consider generalizing or testing this assumption. Ho w ev er, this framew ork is still

v ery 
exible since the linear co e�cien ts are allo w ed to b e time-v arying, and their functional form

o v er time is left arbitrary . A m uc h less 
exible mo del, for example, w ould b e to allo w the o v erall

mean function to b e arbitrary , but to force the �xed e�ects to b e constan t o v er time. It w ould

b e in teresting to dev elop formal testing pro cedures for testing whether it is necessary to allo w

the co e�cien t to b e time-v arying for a giv en co v ariate; this is a topic for future in v estigation.

Also, w e note that this mo del is v ery 
exible in its represen tation of the co v ariances of the

pro�les from da y-to-da y , S , and the co v ariances of the random e�ect pro�les from c hild-to-c hild,

Q . Our assumption of indep endence in the w a v elet space reduces the dimensionalit y of these

co v ariances from T ( T + 1) = 2 to T , y et accommo dates a reasonably wide range of nonstationary

co v ariance structures. Di�eren t v ariance comp onen ts are estimated for eac h w a v elet co e�cien t,

whic h allo ws the da y-to-da y and c hild-to-c hild v ariabilit y to di�er across b oth scale and lo cation.

This accommo dates v arious t yp es of nonstationarit y , allo wing the da y-to-da y and c hild-to-c hild

v ariances across pro�les to v ary o v er time, and also allo wing the lev el of smo othness in the

random e�ect functions and residual error pro cesses to v ary o v er time.

The missing data metho ds in tro duced in this pap er allo w the w a v elet-based functional mixed

mo del to b e applied to data with incomplete pro�les, whic h are commonly encoun tered in

accelerometer data. In our case study , these metho ds allo w ed us to increase the n um b er of

pro�les in the analysis b y a factor of three. The resulting gain in precision is eviden t if one

compares the p osterior b ounds from the full data and complete case analyses (not sho wn).

The w a v elet-based functional mixed mo del metho d p ossesses some w eaknesses and limita-

tions. It is based on linear mo dels, and so assumes additiv e errors (in our case study , additiv e

25



on the log scale). Other t yp es of v ariabilit y ma y not b e adequately pic k ed up b y these mo dels.

The normalit y assumption is somewhat restrictiv e, although as previously men tioned this could

b e relaxed using scale mixtures. As is true with nonfunctional mixed mo dels, some mo dels can

b e unstable to �t, esp ecially when there is near-collinearit y in the design matrices, or small

e�ectiv e sample sizes for some of the v ariance comp onen ts. These problems are exacerbated in

the functional con text, since w e are e�ectiv ely �tting T sim ultaneous scalar mixed mo dels. Also,

it w ould b e useful to ha v e a global functional test for more formally assessing the signi�cance

of the �xed e�ect functions; this is an area w e will in v estigate in the near future. The metho d

is computationally and memory in tensiv e; the analyses p erformed for this pap er to ok a total of

ab out 50 computer hours. Ho w ev er, this is not unreasonable considering the time it tak es to

collect the data. The metho d is also highly parallelizable, so it could b e done in m uc h less time

whenev er parallel computing resources are a v ailable.

While computationally in tensiv e, the metho d is straigh tforw ard to implemen t. The minimal

information one m ust sp ecify to use our scripts are the Y , X , and Z matrices, the w a v elet

basis, the n um b er of lev els of decomp osition, the n um b er of MCMC samples, and the burn-

in. By default, maxim um lik eliho o d starting v alues, empirical Ba y es regularization parameters,

Fisher's information-based prop osal v ariances for the Metrop olis-Hastings, and v ague priors on

the v ariance comp onen ts are automatically computed.

Although straigh tforw ard to implemen t, this metho d is considerably complex, com bining

w a v elets with mixed mo dels and wrapping it all up inside a Mark o v Chain Mon te Carlo. This

b egs the question of what all this complexit y buys, of what this metho d can do that simpler

approac hes cannot. This functional data mo deling approac h can b e used to p erform the same

t yp es of standard analyses found in the existing literature, including analyses of a v erage daily

activit y lev els, 30-min ute a v erages, and probabilities of b outs for di�eren t groups of individuals,

but these can b e done more e�cien tly b ecause w e can e�ectiv ely incorp orate incomplete pro�les

in to the analysis. More imp ortan tly , the functional approac h op ens new p ossibilities in terms

of analyses that can b e done and t yp es of information that can b e extracted from these ric h
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data, for example, allo wing us to p erform inference on time-v arying e�ects. Giv en the p osterior

samples from our mo del �t, w e can p erform nearly an y t yp e of inference w e desire, functional

or p oin t wise, on �xed e�ect functions, random e�ect functions, or co v ariance functions. The

Ba y esian approac h propagates the uncertain t y from the di�eren t sources of v ariabilit y in the

mo del and the di�eren t parameters estimated throughout an y subsequen t inference.

The w a v elet-based functional mixed mo del, supplemen ted with the missing data metho ds in-

tro duced in this pap er, comprises a promising to ol for extracting information from accelerometer

data in activit y lev el studies.
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App endix A: Deriv ation of P osterior Predictiv e Means and Co-

v ariances

Supp ose Y

C

is an N

C

� T matrix whose ro ws con tain N

C

complete pro�les, observ ed on an

equally spaced grid t of length T . Assume this matrix is mo delled using the functional mixed

mo del (3) with parameters � = f B ; U; Q; S g . Let Y

i

b e another pro�le follo wing the same mo del

that is indep enden t of eac h pro�le in Y

C

conditional on �. Here w e sho w that, giv en a set of G

p osterior samples of (� j Y

C

), w e can estimate the p osterior predictiv e mean �

pred

i

= E ( Y

i

j Y

C

)

and co v ariance matrix �

pred

i

= V AR ( Y

i

j Y

C

) b y the expressions in (8) and (9).

W e start b y sho wing (8). It is easy to sho w using alternating conditional exp ectation argu-

men ts that if X and Y are indep enden t, conditional on Z , then E ( X j Y ) = E

Z j Y

f E ( X j Z ) g . Since

Y

i

and Y

C

are indep enden t conditional on �, this means that �

pred

i

= E

� j Y

C

f E ( Y

i

j �) g =
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� j Y
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f X

i

B + Z

i

U g . Estimating this exp ectation using the MCMC samples of �, w e get

b

�

pred

i

=

b

�

i

.

T o sho w (9), w e �rst note that alternating conditional exp ectation argumen ts can b e used to

sho w that if X and Y are indep enden t, conditional on Z , then v ar( X j Y ) = E

Z j Y

f V AR ( X j Z ) g +

v ar

Z j Y

f E ( X j Z ) g . This means that w e can write �
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Since v ar( Y
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j �) = S , the �rst term can b e estimated b y

b

S , the p osterior mean estimator

of S computed from the MCMC samples, whic h is the �rst term in (9). Next, w e can write
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]. This expression can b e estimated us-
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Figure 1: Sample pr o�les fr om 2 days for 2 di�er ent childr en, fr om 9am to 8pm. Activit y lev els

ab o v e 6 MET are considered vigorous, while activit y lev els b et w een 3 and 6 MET are mo derate.
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Figure 2: He at map of al l we ekday ac c eler ometer pr o�les. The ro ws are the daily pro�les, ordered

b y sc ho ol and c hild within sc ho ol. The columns are the min utes of the da y , from 12:01am through

12:00 midnigh t. The blac k regions of the plot indicate regions of the pro�les where the activit y

lev el is missing. Since the minim um activit y lev el is 1 MET, all non-missing activit y lev els are

some shade of gra y , not blac k. The white regions indicate b outs, or regions where the activit y

pro�le is > 3 : 0 MET. The dotted white lines mark the divisions b et w een pro�les from di�eren t

sc ho ols.
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Figure 3: Imputation distributions. Some incomplete pro�les, with mean and 95% p oin t wise

b ounds from the join t imputation distribution substituted for the missing regions, as indicated

b y the shaded regions. These are based on the normal appro ximation to the p osterior predictiv e

distribution, estimated from p osterior samples obtained from a Mark o v Chain Mon te Carlo

sc heme applied to the complete case data.
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Figure 4: R esults. P osterior mean curv es and 90% p oin t wise p osterior credible in terv als for the

�xed e�ects curv es for (a) o v erall mean curv e, (b) sc ho ol E, and (c) da yligh t sa vings time, plus

(d) p osterior predictiv e probabilities of b outs for a c hild from sc ho ol E on Th ursda ys. The curv e

in (a) is obtained b y a v eraging equally o v er the sc ho ols and conditioning on the mean v alue in

the data set for all other co v ariates. The curv e in (b) can b e in terpreted as the mean log pro�le

on a Monda y b efore da yligh t sa vings time for a c hild from sc ho ol E with a v erage BMI who is

a v erage with resp ect to the a v erage n um b er of hours of TV they w atc h p er da y . The curv e in (c)

is added to the mean log pro�le for an y da y after da yligh t sa vings time (April 6). The solid line

in curv e (d) indicates the w a v elet-denoised empirical probabilities of b outs for eac h time p oin t

a v eraging o v er the 42 accelerometer pro�les obtained on Th ursda ys from c hildren enrolled at

sc ho ol E, along with 95% p oin t wise con�dence bands computed using the metho d describ ed in

Bruce and Gao (1996). The dashed-dotted line indicates the p osterior predictiv e probabilit y of

b outs from the functional mixed mo del for a c hild enrolled at sc ho ol E on Th ursda y , for whom

the lev els of all other co v ariates are at their mean lev els.
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