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Hypothesis test

A hypothesis is a statement or claim about some unknown
aspect of the state of nature.

A test of a hypothesis is a procedure, based on sample
information, that culminates in an inferential statement
about the hypothesis and possibly, in some situations, in a
decision as to what action to take.

The hypothesis being tested is called the null hypothesis, and
the set of other possible claims is called the the alternative
hypothesis.

Typically, one put the desirable claims in the alternative
hypothesis.

Notation:

��� for null, and

��� or

��� for alternative.

STAT675 & GS10103 Yuan Ji Spring 2008 – p.3/33



Examples

One-sample

�

-test

Two-sample

�

-test

�

-test

The likelihood ratio test

� � -test

The Fisher’s exact test

All these known tests are based on theoretical proof.
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General theory

A set of data

�

is observed.

A probability model is assumed:

��� � � �  ! "

.

#%$ and

#%& are proposed as functions of

!

.

A pivotal statistics

' � � "

must be developed

( )* +

is a function of the data

*

only;

, -. /

is ”pivotal” – its distribution does not depend on

0

.

Plugging in the observed data values, we can compute an
observed value of

, -. / 1 243 .

The P-value corresponding to

, 1 2 3 is probability (under the
distribution of

,

) at and beyond

2 3 , in the direction of more
extreme values.
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False Discovery Rate

Reference: “Controlling the False Discovery Rate: a Practical
and Powerful Approach to Multiple Testing” by Benjamini, Y. and
Hochberg, Y.
Suppose we have   tests and  ¢¡ null hypotheses are true.

Not reject Reject Total

True null

£ ¤  ¡

True alternative

¥ ¥  §¦  ¢¡

  ¦ ¨ ¨  

FWER equals

©Vª « ¤¬ ­ ®
FDR equals

¯ « ¤ ° ¨ ®
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FDR and FWER

FDR =

± ²³ ´µ ¶

, FWER =

·V¸ ² ³ ¹ º ¶

.

If

µ » ¼

, FDR » ¼

by definition.

Control of FDR implies control of FWER in the weak sense.

If ½¢¾ ¿ ½, À ¿ Á

,

Â ¿ Ã

. SoÄ Å Â Æ Ã Ç ¿ Á ÈVÉ Å Â ¿ Á Ç§Ê Ë ÈVÉ Å ÂÌ Ë Ç
.

In general, controlling FWER implying controlling FDR

If Í�Î Ï Í and

ÐÒÑ Ó

, then

Ð ÔÕ Ö ×
. Therefore,× Ø ÐÙ × Ú Û × Ù Ð ÔÕ Û Ü

. Taking expectation of both sides
we have

ÝVÞ Ø ÐÙ × Ú Ù ß Ø Ð ÔÕ Ú
.
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Controlling FDR

Benjamini and Hochberg (1995) proposed the following
procedure that will control the FDR at the level

àá à â
For each test, obtain the ã-value. We get

ä�åçæ ä�èæé é é æ ä à .
Let

ê äìë å íæ äìë è íæé é é æ ä ë à í î

be the set of ordered ã-values.
Denote

ï ëð í the null hypothesis corresponding to

ä ëð í .
Specify ñ ò , the desired FDR value.

Let

ó

be the largest

ô

for which
ä ëð í õ ð

à ñ ò .
Reject all

ï ëð í ô÷ö øæ ùæé é é æ ó
.
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BH approach

The BH approach is a step-down procedure:

Start from the largest p-value

úüûçý þ .
If

úý ÿ� , proceed to

úý � � ; otherwise, all the null hypothese
are rejected.

Given

úûçý þ ÿ� , if

úûçý � � þ ÿ � ��� � �� 	 �, proceed to

úûçý 
 þ ;
otherwise, all the null hypotheses

� û � þ
�� � � � � ûý � � þ are
rejected.

Continue on until the first time
ú û� þ � �� 	 � and reject all

� û� þ

��� ��� � � � ��

The above procedure will control the FDR at� (in fact at

ý �ý � ).
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An example

Suppose we have a set of P-values

�

.0001, .0004, .0019,
.0095, .0201, .0278, .0298, .0344, .0459, .3240,
.4262, .5719, .6528, .7590, 1.000

�
Controlling the FWER at 0.05, the Bonferroni approach would
use 0.05/15=0.0033, and would reject three hypotheses.

Controlling the FDR at 0.05, we would start at 1.000 and
proceed using BH.

Turns out ��� � ���   !" # $ %& " '  �  " � �  &(
is the first time the

condition is met. Therefore, the first four null hypotheses are
rejected.
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Bayesian hypothesis testing

Let )* +

if

,.- is true and )* /

if

,.0 is true.

Assume ) 132 - 4 5768 9 : /<; 2 - =

– prior distribution

Model:

> 1 )* + 4 ?-

> 1 )* / 4 ?0
Marginally,

> 4 ?

follows a mixture model:

? :�@ = * 2 - ?- : @ =�A : / ; 2 - = ?0 :�@ =

The Bayes factor

5 : > = * B8 : )* + 1 > =C B8 : )* + =

B8 : )* / 1 > =C B8 : )* / = *

B8 : )* + 1 > = C 2 -B8 : )* / 1 > = C : /<; 2 - =

If 2 - * /CD

, then

5 : > =

is decided by

B8 : )* + 1 > =

, the posterior
probability of null.
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Bayesian multiple hypothesis testing

Let EGF H I

if

J.K F is true and EGF H L

if

J.M F is true.

Assume E F N3O K F<P F<P QSR T7UV W X L<Y O K Z

– prior distribution (Note:
marginally E F ’s are exchangeable but not independent)

Model:

[ F N E\F H I R ]K

[ F N E^F H L R ]M

Marginally,

[ F R ]

follows a mixture model:

] X�_ F Z H O K ]K X�_ F Z�` X L<Y O K Z ]M X�_ F Z

The Bayes factor for the
a

th test

T F X [ F Z H bV X EF H I N [ F Zc bV X EGF H I Z

bV X EF H L N [ F Zc bV X E\F H L Z H bV X EGF H I N [ F Zc O KbV X E\F H L N [ F Zc X LY O K Z
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Bayesian multiple hypothesis testing

If dfe g h ij

, then

kml no l p

is decided by

q7r n3s l g t u o l p

, the
posterior probability of

v

th null

we l .
Therefore, the important quantity isxl g q7r n we l is ture

u o l p g q7r n3s l g h u o y p .

STAT675 & GS10103 Yuan Ji Spring 2008 – p.19/33



Bayesian FDR

In Bayesian multiple hypothesis testing, reject the

z

th test is{| } { ~ . The problem is to specify { ~ so that the FDR is controlled
at a desirable level.

Genovese and Waserman (02); Newton et al. (04); Bro et et
al. (04)

The posterior expected number of false discoveries

�� � { ~ � �
�

|�� �
{ | � � {| � { ~ �

(why – Homework 2)

A Bayesian FDR procedure controls FDR at level � by
rejecting

��� | if { | � { ~ where

{ ~ � � �� �3�� �|�� � { | � � { | � � �

�|�� � � � { | � � � � � �
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Bayesian FDR

The previous approach is a step-up procedure.

Sort the marginal posterior probabilities to obtain���� � ��� �� � ��� � � � ��   � ¡ .
Starting from the � � � � . If �� � � ¢£ ¤¥ , then do not reject any null
hypothesis.

Otherwise, if

��� � � � ¦ �� � � ¡ ¢§ ¤¥ , then reject

¨� � � only.

Otherwise, if

��� � � � ¦ �� � � ¦ �� © � ¡ ¢ª ¤¥ , then reject

¨� � � and¨� � � .
Continue until the first time

«¬�­ � �� ¬� ¢® ¤¥ , and reject¨� � ��� � � � ¨� «�¯ � � .
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Other approaches

BUM (Beta-Uniform Mixture) (Pound and Morris, 2003)

pFDR (positive FDR) (Storey, 2003; Storey et al., 2004)

Correlation and FDR (Efron, 2007)

and MANY MANY others

Question: If there are 1,000 ordered test statistics, and I can only
reject at most 10 tests, what should I do?
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Two case studies

Phase display experiments

Bayesian FDR based on test statistics
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