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Hardy-Weinberg 

 Consider a simple situation with two alleles, A and 
a, at a single locus. If the allele frequency of A is p
and the allele frequency of a is (1-p), then the 
expected genotype frequencies of AA, Aa, and aa
are p2, 2p(1-p), and (1-p)2, respectively, assuming 
HWP in the population. 

 In a case-control study, the deviation from HWP in 
controls, which is assessed by comparing the 
difference between observed genotype frequencies 
and the corresponding expected frequencies, is 
used to identify potential genotyping errors. 
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Motivation

 Assessment of the Hardy-Weinberg proportion 
(HWP) in controls has been widely used as a quality 
control measure for identifying genotyping errors in 
case-control association study. 

 However, when the disease of interest is common, 
controls might not represent the general population. 
Therefore, using the HWP test in controls would 
lead to discarding potentially causal SNPs.
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Motivation

 Using only controls for HWP 
assessment is reasonable when 
assuming a rare disease in the study.

 However, when the disease of 
interest is common, controls might not 
represent the general population, as 
cases account for a relatively large 
portion of the general population. 
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Motivation

 The power of HWP test to detect genotyping errors is very poor
– Consider a diallelic locus, with A as the risk allele and minor 

allele frequency (MAF) = 0.3. The counts for genotyping are 
AA = 497, Aa = 418, and aa = 85 when there is no error.

P value

No error AA Aa aa 0.8790

Error rate = 2% AA Aa aa 0.6488

Error rate = 5% AA Aa aa 0.3655

Error rate = 10% AA Aa aa 0.0862

1% 1%

2.5% 2.5%

5% 5%
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Motivation

 In reality, the genotyping error rates are very small, due to the 
rapid development of genotyping techniques.

 Quality control statistics from Center for Inherited Disease Research website
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Motivation

 Using the HWP test in controls might lead to 
discarding important single-nucleotide 
polymorphisms (SNPs) that could potentially 
be causal SNPs of the disease. 

 Consider a complete penetrance recessive 
model. All cases are AA and all controls are 
AG or GG. Let us assume P(A) = 0.3 and 
P(G) = 0.7 then p-value<0.000001
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Approach

 We proposed an improved HWP test, called the mixture 
HWP (mHWP) exact test.

 The mHWP test estimates HWP in a mixture sample that 
is a combination of cases and controls, which mimics the 
general population.

 The number of cases in the mixture sample was 
proportional to the prevalence of the disease. 

 We implemented a re-sampling procedure to obtain 
empirical p values.

 We compared the mHWP approach to the traditional 
HWP exact test and a likelihood-based test proposed by 
Li and Li.
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mHWP Exact Test

 Construct a mixture sample to represent the general population.

 Consider a case-control study 
with n individuals, n = n0+n1, 
where n0 is the number of 
controls and n1 is the number of 
cases. 

 Let f be the estimated prevalence 
of disease in the general 
population. 

 nm is the mixture sample size. 
 nm = min(n1/f, n0/(1-f)). 
 Randomly sampled nm*f 

individuals from cases, and 
nm*(1-f) individuals from 
controls.
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mHWP Exact Test

 Re-sampling procedure
– Repeated the procedure to obtain L mixture samples.
– Applied the exact HWP test to the mixture samples and 

obtained L HWP exact p values.
– Constructed the empirical distribution-based non-

parametric density based on L p values (kernel density 
estimation).

– Obtained the MLE of this empirical distribution as the final 
estimate of p value for the mHWP.

 Simulations were conducted to decide the number 
of mixture samples L. 
– In our study, we selected L = 500.
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Kernel Density Estimation

 Given a random sample of p values p1, p2, …, pN from some 
density g, the kernel density estimate of g is defined by

– where K(·) is a kernel function and h > 0 is a smoothing 
parameter called bandwidth.

– K(·) is usually taken to be a symmetric unimodel density 
centered at zero, such as the standard normal density. 

– The optimal bandwidth parameter                      ,
 where      is the median absolute deviation estimator defined as 

, where     denotes the median of the 
sample. 



12

Relative Rejection 
Probability (RRP)
 Relative rejection probability (RRP) measures the relative 

probability of one approach rejecting SNPs (in HWP), 
compared to the other approach at a given significance level.

 Consider two approaches of HWP test M1 and M2, then RRP of 
M1 compared to M2 at a given significance level is

RRP=

 If RRP is positive, using M1 is more likely to result in rejection 
of SNPs than using M2, when the SNPs are in HWP.
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Simulation Studies

 Specific parameters for simulation studies. 
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Simulation Studies

 Considered two independent SNPs: causal SNP1 and non-
causal SNP2. 

 Studied minor allele frequencies of 10%, 30% and 50% for 
both SNPs.

 Considered different levels of prevalence, ranging from 19% 
to 36%, which can represent different common diseases. 

 Studied three genetic models: dominant, additive and 
recessive. 

 Simulated 10000 replicates, each with 1000 cases and 1000 
controls.
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Error Models

 GLHO genotyping error model

– Assumed               .
– The expected genotyping error rate is                     . 
– Genotyping error rate was assumed to be 1% or 5%.

 ‘empirical’ error model
– Based on a real GWA data in which errors were estimated based on re-

sequencing.
– Genotyping error rate is about 12%.
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Simulation Results

 Estimated type I error probability and RRP of causal SNP1 at 0.05 significance level in 
simulation studies based on 10,000 replicates. 

 The type I error rates for the 
traditional approach (using controls 
only) were inflated dramatically as 
MAFs and prevalence of disease 
increased, when the dominant or 
recessive model was assumed. 

 The likelihood-based approach and 
the mHWP exact test could control 
type I errors.

 However, the mHWP exact test is 
more likely to keep the causal SNPs 
for further analysis.
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Simulation Results

 Estimated type I error probability and RRP of non-causal SNP2 at 0.05 
significance level in simulation studies based on 10,000 replicates.

 All three approaches control type I error well. 
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Power to Detect 
Genotyping Errors
 GLHO genotyping error model

– Low genotyping error rates: 1% and 5%.
– All three approaches had low power: 5%~10% power at 0.05 

significance level.

When genotyping error rates are small, the observed genotype counts will not
be significantly different from the expected genotype counts under HWP. 

 ‘empirical’ error model
– High genotyping error rate: ~12% 
– All three approaches had almost 100% power. 

When genotyping error rates are higher, the genotyping error can generate
extreme deviation from HWP. 
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Sensitivity Analysis to 
Estimated Prevalence
 The true prevalence of a disease in a population is 

not know with certainty.
 Assessed the sensitivity of the mHWP exact test to 

the estimated prevalence of disease f.
 Evaluated the mHWP exact test p values using a 

range of prevalence centered on real prevalence 
[f-2%, f+2%].

 All the results were very similar to those obtained 
with the use of the real prevalence. 

 The mHWP approach is not sensitive to the 
estimated prevalence.
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Real Disease Application

 Applied the mHWP exact test to the real case-control 
association study of adult obesity. 

 The data is from an association study of a common variant 
in the FTO gene that is associated with obesity.

 The SNP rs9939609 predisposes individuals to diabetes 
through an effect on BMI.

 Standard cut-off points can be used to define the cases and 
controls when using BMI as the outcome variable.
– Cases (obesity): individuals with a BMI >= 30 kg/m2

– Controls (normal weight): individuals with a BMI < 25 kg/m2

 Considered the association study in the UK type 2 Diabetes 
Genetics Consortium Collection Cases
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Real Disease Application

 The mHWP exact test has more likelihood to keep this 
SNP rs9939609 for further analysis, compared to the 
other two approaches.

 Importantly, the investigators kept this SNP in the 
analyses of BMI because originally this study was for 
the investigation of type 2 diabetes, and in the type 2 
diabetes GCC controls the HWP test gave a p-value of 
0.83 for this SNP. 
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Discussion

 When the prevalence of the disease is large (ranging from 19% to 
36% in our simulation studies), the type I error probability of the 
traditional approach was inflated for the disease-associated SNPs 
when either the dominant or recessive model was assumed. 

 This range of prevalence is realistic for common disease, such as 
smoking, obesity and hypertension.

 The mHWP exact test can effectively control the type I error 
probability in all scenarios examined, including models with causal 
or non-causal SNPs, different genetic models, and different MAFs 
and prevalence. 

 On average, the mHWP exact test proposed in this paper is more 
likely than the likelihood-based approach to keep causal SNPs in 
the analysis when the disease is common. 

 Prevalence misspecification would not inflate the type I error rate 
of our approach.
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Discussion

 The relationship between genotyping error and the HWP test 
has been studied in the literature. These studies suggest 
that the traditional HWP test in controls has very low power 
for detecting genotyping errors, especially when the 
genotyping error rate is low and the MAF is not rare. 

 Like the traditional HWP test and the likelihood-based test, 
our test is not very sensitive for detecting genotyping errors 
when error rates are low.

 Furthermore, recent study showed that genotyping errors 
will not increase the false-positive rate for detecting 
associated variants. 

 Therefore, one may also consider a strategy of keeping all 
SNPs for the association study, performing the HWP test 
using our proposed approach only among significant SNPs. 
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Discussion

 In genome-wide association studies, using the improved 
mHWP exact test in the discovery stage will increase the 
chance that causal SNPs will be carried over for replication. 
To achieve a more stringent significance level (e.g. 10-5 used 
in GWAS), more mixture samples will be needed to obtain 
robust MLE of the empirical mHWP p value. 

Conclusion: the improved HWP exact test (mHWP exact test) 
using a mixture sample is a better HWP test for case-control 
genetic association studies than the traditional HWP only in 
controls or the likelihood-based approach. This approach will 
improve our ability to keep causal SNPs in the case-control 
genetic association studies. 


