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Summary. Hub nodes within biological networks play a pivotal role in determining phenotypes and disease outcomes.
In the multiple network setting, we are interested in understanding network similarities and differences across different
experimental conditions or subtypes of disease. The majority of proposed approaches for joint modeling of multiple networks
focus on the sharing of edges across graphs. Rather than assuming the network similarities are driven by individual edges,
we instead focus on the presence of common hub nodes, which are more likely to be preserved across settings. Specifically,
we formulate a Bayesian approach to the problem of multiple network inference which allows direct inference on shared and
differential hub nodes. The proposed method not only allows a more intuitive interpretation of the resulting networks and
clearer guidance on potential targets for treatment, but also improves power for identifying the edges of highly connected
nodes. Through simulations, we demonstrate the utility of our method and compare its performance to current popular
methods that do not borrow information regarding hub nodes across networks. We illustrate the applicability of our method
to inference of co-expression networks from The Cancer Genome Atlas ovarian carcinoma dataset.
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1. Introduction
Rather than being determined by a single causal mutation
or event, most common diseases arise from dysregulation
of the complex networks of interaction that govern cellular
behavior. These networks, including gene regulatory, protein
interaction, and metabolic networks, have common topologi-
cal features, including the presence of a few highly connected
nodes (Barabasi and Oltvai, 2004; Barabasi et al., 2011). This
small set of nodes with a large number of connections, often
called hubs, mediate interactions among the large number
of weakly connected nodes within the network, and ulti-
mately determine network function (Jeong et al., 2001). In
the context of cancer, studies have shown that the proteins
of disease-associated genes tend to have higher degree than
other nodes in the network (Wachi et al., 2005; Jonsson and
Bates, 2006). The identification of hub nodes is of particu-
lar interest as they represent attractive targets for treatment
due to their critical position within the network structure
(Tan et al., 2014).

High-throughput technologies have enabled the acquisition
of data sets characterizing the abundances of gene transcripts,
proteins, and metabolites, often across a variety of condi-
tions. Given such data, we are interested in inferring both
a network for each setting, and in understanding the simi-
larities and differences of the networks across conditions. In
a statistical framework, this corresponds to the problem of
inferring multiple graphical models, where the edges in the
graph correspond to dependence relations among the observed

variables. A number of statistical methods have been devel-
oped in recent years to address this challenge. Danaher et al.
(2014) proposed joint estimation of multiple graphical mod-
els using convex penalties. Specifically, they employed two
penalty functions: the fused graphical lasso, which encour-
ages both shared structure and shared edge values, and the
group graphical lasso, which focuses only on shared structure.
In the Bayesian framework, Peterson et al. (2015) proposed a
method to estimate multiple Gaussian graphical models via
a Markov random field (MRF) prior which flexibly encour-
ages common structure when supported by the data. Some
approaches focus on learning differential networks, mainly in
the context of two sample groups. Ha et al. (2015) constructed
the differential network by subtracting the edge weights of
two networks estimated from covariance regression. In the
Bayesian framework, Mitra et al. (2016) treated one group’s
network as the baseline, and defined latent indicators of dif-
ference for each edge between the two graphs to infer a
differential network. The methods mentioned above assume
that similarities and differences between networks are driven
by edges. In contrast, Mohan et al. (2014) took a node-based
approach, assuming that similarities among multiple graphs
are due to the presence of either common hub nodes that are
shared across all groups (co-hub node joint graphical lasso), or
that differences are attributable to individual nodes that are
perturbed across conditions (perturbed-node joint graphical
lasso). The methods proposed in Mohan et al. (2014) have sev-
eral limitations, however, including the challenge of selecting
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appropriate tuning parameters, and the fact that co-hub node
joint graphical lasso assumes all hubs are shared across all
groups.

In this article, we formulate bHUB, a Bayesian hub-based
approach to the problem of multiple network inference. We
introduce a latent indicator for each node which reflects its
status as a hub node, and formulate a prior which links these
indicators across multiple graphs. A particularly novel aspect
of our model is that prior edge inclusion probabilities depend
on whether the edge is connected to a hub node; this contrasts
with existing Bayesian approaches, which typically assume an
independent Bernoulli prior on edge inclusion. Moreover, in
the context of multiple sample groups, we link the selection
of hub nodes, rather than individual edges, as in the usual
paradigm for this setting. We are able to provide simple and
interpretable posterior summaries on the status of individ-
ual nodes as hubs, and, in the multiple network setting, an
intuitive interpretation in terms of shared or perturbed hub
nodes. To our knowledge, this is the first Bayesian modeling
approach to incorporate inference on highly connected nodes
in graph learning for multiple groups. This article is orga-
nized as follows. Section 2 provides background on graphical
models and on existing methods for graphical model esti-
mation. Section 3 presents the modeling approach for our
proposed method, including the likelihood and the construc-
tion of the priors. Section 4 includes posterior inference using
Markov chain Monte Carlo (MCMC). Section 5 provides an
illustrative example, while Section 6 includes a more realis-
tic simulation study. Section 7 demonstrates the application
of our method to the inference of co-expression networks
across four subtypes of ovarian cancer. Section 8 concludes the
article.

2. Background

2.1. Graphical Models

An undirected graph G = (V, E) is composed of a set of
p nodes V = {1, 2, . . . , p} and a set of edges E ⊂ V × V .
Graphical models in statistics use an undirected graph to
represent conditional dependence relations among a set of
variables. Each node in the graph corresponds to a ran-
dom variable, and two nodes are connected by an edge if
and only if the corresponding variables are dependent con-
ditional on all of the remaining variables (Lauritzen, 1996).
The lack of an edge between two nodes, therefore, represents a
conditional independence relationship. In the context of mul-
tivariate normal data, Gaussian graphical models (Dempster,
1972) provide a convenient framework for graphical model
estimation. Specifically, consider the multivariate normal dis-
tribution N(μ, �−1), where μ ∈ Rp is the mean, and �p×p is
the precision matrix, the inverse of the covariance matrix. It
is a special property of the multivariate normal distribution
that ωij = 0 if and only if variables i and j are conditionally
independent, so the pattern of zero and nonzero elements in
� corresponds directly to an edge set E. The Gaussian graph-
ical modeling framework has been applied to model various
types of biological networks, including gene regulatory and
protein interaction networks, where the underlying expres-
sion or abundance data have been transformed to achieve
normality.

2.2. Graphical Model Estimation

The graphical lasso, which relies on an �1 penalty to achieve
sparsity in estimation of the precision matrix, is one of
the most common approaches for graphical model estima-
tion (Friedman et al., 2007). Another popular approach,
constrained �1 minimization for inverse matrix estimation
(CLIME), has desirable theoretical properties and can be
solved using linear programming (Cai et al., 2011). In the
Bayesian framework, graphical model estimation can be
achieved through the choice of an appropriate prior on �.
The Bayesian graphical lasso, proposed as the Bayesian ana-
logue to the graphical lasso, incorporates double exponential
priors on the off-diagonal entries of the precision matrix
(Wang, 2012). While the computational tractability of this
approach is attractive, it does not result in sparse estimates of
the precision matrix. Alternative approaches in the Bayesian
framework utilize a hierarchical formulation, with priors on
the precision matrix conditional on a graph structure p(�|G)
and on the graph structure p(G), where the graph struc-
ture is modeled as a set of binary latent variables. The
G-Wishart distribution, the conjugate prior on the precision
matrix conditional on a graph G, can be used within this
framework (Roverato, 2002; Atay-Kayis and Massam, 2005).
Sampling from the G-Wishart distribution is computationally
challenging, however, due in part to its intractable normaliz-
ing constant. Recently, Wang (2015) proposed the stochastic
search structure learning (SSSL) approach, which utilizes a
continuous mixture prior on the off-diagonal entries of the
precision matrix. This approach, inspired by mixture priors in
the context of Bayesian variable selection (George and McCul-
loch, 1993), is attractive as it allows both direct modeling of
the graph structure and computationally efficient sampling.

3. Methods

We develop a Bayesian hierarchical model (bHUB) to address
the challenge of inferring multiple graphs. In contrast to most
existing joint network estimation methods, which assume
edge-wise differences across graphs, we focus on the sharing
of hub nodes across networks. Our approach not only allows
accurate estimation of the graph structure for each sample
group, but also enables inference on the status of biologi-
cally important hub nodes, which may be common across all
groups, or perturbed and only active in certain groups. In
this section, we describe the formulation of the full hierar-
chical model; we would like to emphasize that our primary
innovation lies in the prior formulations described in Sections
3.3 and 3.4, where we propose a novel approach to charac-
terize prior edge probabilities as depending on the status of
nodes as hubs, and link the identification of these hubs across
multiple groups.

3.1. Hierarchical Model

Assume we have K groups, which may correspond to different
experimental conditions or subtypes of disease. We assume
that the same variables are measured for each group, but the
sample sizes may differ, so that for the kth group, nk samples
are observed for p random variables. The likelihood is a group-
specific multivariate normal

xk,i ∼ N(0, �−1
k )
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for i = 1, . . . , nk, where �k is a group-specific precision matrix,
and we assume that the data are centered, so μk = 0.

Here, we provide an overview of the proposed Bayesian
hierarchical model, with more detailed discussion to follow
in Sections 3.2–3.4. For group k = 1, 2, . . . , K, we specify the
following set of hierarchical priors

p(�k|Gk),

p(Gk|hk, β),

p(hk|τ, η),

where β, τ, η are fixed hyperparameters. In the first level of
the hierarchy, the prior on the precision matrix �k is condi-
tional on a group-specific graph structure Gk. We express the
graph structure Gk as an adjacency matrix, where gk,ij = 1
if nodes i and j are connected in the graph for group k,
and 0 otherwise. We introduce a vector of latent indicators
hk = (hk,1, hk,2, . . . , hk,p)

′
to represent the status of each node

as a hub node, where hk,i = 1 if node i is a hub in graph k, and
0 otherwise. In the second level of the hierarchy, the prior on
the graph Gk is conditional on the node-specific parameter
vector hk and the hyperparameter β, which affects the prior
probability of edge inclusion. In the final level of the hierarchy,
the hyperparameters τ and η determine p(hk,i = 1), the prior
probability of a node being a hub. Figure 1 shows a graph-
ical representation the bHUB model, where circles indicate
parameters, and squares represent observed random variables.

3.2. Priors on Precision Matrices and Graphs

For the prior on the precision matrices, we adapt the mix-
ture prior proposed as part of the stochastic search structure
learning (SSSL) method in Wang (2015) since it allows us
to perform inference on the graph structure while maintain-
ing computational scalability. Specifically, we assume that

the off-diagonal elements in the precision matrix follow a
normal mixture distribution, where entries in the precision
matrix corresponding to true zeros (missing edges) belong
to a normal distribution centered at 0 with small variance,
and entries corresponding to truly nonzero values (edges)
belong to a normal distribution with larger variance. Since
they are constrained to be positive, the p diagonal terms in
each precision matrix have prior exponential densities. Unlike
the stochastic search structure learning approach of Wang
(2015), which assumes a Bernoulli prior with the same prob-
ability for all edges, we introduce an edge-specific parameter
πk,ij that depends on whether nodes i and j are considered to
be hub nodes. Formally, we express the priors on the precision
matrix and graph for each group k = 1, . . . , K as

p(�k|Gk, v0, v1, λ)∝
∏
i<j

N(ωk,ij|0, v2
k,ij)
∏

i

exp
(
ωk,ii|λ

2

)
, (1)

p(Gk|{πk,ij}) ∝
∏
i<j

{πgk,ij

k,ij (1 − πk,ij)
1−gk,ij }, (2)

where �k is constrained to belong to the space of symmetric
positive definite matrices. In equation (1), N(ω|0, v2) is the
density function of a normal random variable with mean 0
and variance v2 evaluated at ω, and exp(ω|λ) represents the
exponential density function. The variance vk,ij is determined
by the presence or absence of the corresponding edge:

vk,ij =
{

v0 if gk,ij = 0,

v1 if gk,ij = 1,
(3)

where v0 is small, and v1 is relatively large. Wang (2015)
finds good performance for graph structure learning given
parameters in the range v0 ≥ 0.01–h ≤ 1000, where v1 = h · v0.

Figure 1. Graphical representation of the bHUB model for K = 2 groups. Circles indicate parameters, and squares represent
observed random variables. Node-wise information is shared across groups. See Section 3 for a detailed explanation of the
model.
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3.3. Prior Probability of Edge Inclusion

We would like the prior probability of edge inclusion πk,ij to
depend on whether nodes i and j are hub nodes. In particular,
πk,ij should be small when neither i nor j is a hub, to encourage
overall sparsity of the graph structure, and relatively large
when either i or j is a hub, since hub nodes tend to have
a large number of connections in the graph. To achieve this
goal, we use the following prior formulation:

πk,ij = β1(1 − hk,i)(1 − hk,j) + β2{1 − (1 − hk,i)(1 − hk,j)}. (4)

When neither node is a hub (i.e., hk,i = hk,j = 0), the prior
edge inclusion probability πk,ij is β1, while when either hk,i or
hk,j is a hub (i.e., hk,i = 1 or hk,j = 1), the prior edge inclu-
sion probability will be β2. The parameters {β1, β2} should be
small and large, respectively. To encourage sparsity and avoid
the false positive selection of edges, we set β1 = 0.001, reflect-
ing the fact that a connection between two non-hub nodes is
unlikely. Since edges from hub nodes are considered likely, we
would like β2 to be large. To allow flexibility in its value, we
place a beta hyperprior on β2

p(β2) = 1

B(a, b)
· βa−1

2 (1 − β2)
b−1, (5)

where a and b are fixed hyperparameters. The parameters a

and b should be chosen so that the prior mean of β2 is larger
than β1, that is, there is separation of the edge inclusion prob-
abilities for hub nodes versus non-hub nodes. Smaller values
of β2 encourage hub nodes with fewer connections and overall
sparsity of the graphs G1, . . . ,GK. Larger values of β2 encour-
age more highly connected hub nodes, and therefore graphs
which are denser.

3.4. Node-Specific Prior

In our model, the Bernoulli random variable hk,i indicates
whether node i in graph k is a hub or not. We share infor-
mation on the hub status of each node across graphs in
determining hk,i. Specifically, we assume that node i in graph
k has a larger prior probability of being a hub if node i is a
hub in the graphs for other groups (i.e., hm,i = 1 for m 
= k)
since hub nodes are likely to be preserved across settings. The
prior probability of hk,i is given by

Pr(hk,i|τ, η, h−(k,i)) ∝ exp(hk,i

(
η + 2τ

∑
m 
=k

hm,i

)
.

This is consistent with the joint probability across the k

groups

P(hi|τ, η) = C(η, τ)−1exp(η · 1kh
T
i + τ · hT

i (1 − I)hi), (6)

where hi = (h1,i, ..., hK,i)
T and 1k is a K-vector of 1s. Here, 1

is a K × K matrix with all elements one and I is an identity
matrix. The normalizing constant in equation (6) is

C(η, τ) =
∑

hi∈{0,1}K
exp(η · 1T

k hi + τ · hT
i (1 − I)hi),

which depends only on τ and η. The joint prior on the graphs
(G1,G2, ...,GK) is the product of the densities for each node:

p(h1, . . . ,hp|τ, η) =
∏

i=1,...,p

P(hi|τ, η).

Under this prior, the conditional probability for node i to
be a hub in graph Gk, given the status of the nodes in the
remaining graphs, is

p(hk,i|{hm,i}m 
=k, τ, η) =
exp
(
hk,i

(
η + 2τ

∑
m
=k

hm,i

))
1 + exp

(
η + 2τ

∑
m
=k

hm,k

)
where τ is a scalar hyperparameter. Note that when hm,i = 0
for all m 
= k (i.e., node i is not selected as a hub in any other
graph), we have Pr(hk,i = 1) = exp(η)/(1 + exp(η)), which is
0.5 when η = 0. The inverse logit transformation of η can
be interpreted as the base probability for each node to be
a hub. To encourage sparsity, we set η < 0. We further spec-
ify a Ga(aτ, bτ) hyperprior on τ, ensuring the positivity of this
parameter.

3.5. Recommended Parameter Settings

The hyperparameters v0, v1, and λ, which play a role in the
prior on the precision matrices given in equation (1), have a
similar influence to that described in the sensitivity analysis
provided in Wang (2015). In our simulations, we set v2

0 = 0.03,
v2
1 = 100 × v2

0, and λ = 1, consistent with the guidelines pro-
vided by Wang (2015).

The choice of a and b in the prior on β2 given in equation (5)
affect the prior probability of edge inclusion for edges with a
hub node as a terminal node. A larger prior mean for β2 results
in the selection of more edges from hub nodes, and increased
posterior probabilities for nodes being hubs. The prior edge
inclusion probability for non-hub nodes is set at β1 = 0.001.
Given this fixed value of β1, a larger β2 prior mean results in
more separation between edge inclusion probabilities for hub
nodes and non-hub nodes.

The hyperparameter η in equation (3.4) should be set so
that the baseline probability of a node being a hub is small,
since typically only a few nodes within a network function as
hubs. For example, if we assume one hub node exists out of
100 nodes, we can define logit−1(η) = 0.01 so that the prior
probability of each node being a hub is 0.01.

Additional details on sensitivity to these parameters and
to the parameters v0, h and τ are given in Supplementary
Section S2.

4. Posterior Inference

Let � denote the set of all parameters {�k,Gk, hk,i, β, τ, η,

for k = 1, . . . , K, i = 1, . . . , p} and X denote the observed data
for all sample groups. Given the likelihood and priors defined
in Section 3, the joint posterior density can be written

p(�|X) ∝
K∏

k=1

{
p(Xk|0, �−1

k ) · p(�k|Gk) · p(Gk|hk, β)
}

p(h1, . . . ,hp|τ, η) · p(β) · p(τ, η).
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Since this density is not analytically tractable, we rely on
Markov chain Monte Carlo (MCMC) sampling to generate a
posterior sample of the parameters as the basis for inference.

4.1. MCMC Sampling

At the top level, our MCMC sampler follows a Gibbs scheme,
in which parameters are sampled from their posterior full
conditional distributions. To sample the graph and precision
matrix for each group, we adapt the method of Wang (2015),
which does not require computation of the prior normalizing
constant and allows block updates of precision matrices and
graphs. The latent indicators hk,i and β2 are sampled directly
from their posterior full conditional distributions, while we
use a Metropolis-within-Gibbs step to sample τ. We provide
an overview of the sampling scheme here; additional detail
is provided in the Supplementary Materials. For each group

k, we initialize the graph G
(0)
k = I and the node indicators

h
(0)
k,i = 0 for i = 1, . . . , p. We initialize the precision matrix to

the identity matrix: �
(0)
k = Ip. At each iteration t, we apply

following updates:

Step 1. Update �
(t)
k and G

(t)
k using the column-wise block

Gibbs sampler of Wang (2015).
Step 2. Update the node-specific parameters hk,i

(t) for i =
1, . . . , p, k = 1, . . . , K.

Step 3. Update the parameter β
(t)
2 affecting the probabili-

ties of edge inclusion.
Step 4. Update the parameter τ(t) affecting the probabili-

ties of nodes being hubs.

Following Wang (2015) and others, for the purpose of graph
selection, we take the posterior median graph, that is, the
graph consisting of all edges with a marginal posterior proba-
bility of inclusion (PPI) of at least 0.5. To obtain ROC curves
for structure learning across a range of model sizes, we vary
the selection threshold on the PPIs in the range [0, 1].

5. An Illustrative Example

To allow an easily interpretable comparison of the perfor-
mance of bHUB to existing network inference methods, we
set up an illustrative example. We construct three graphs on
p = 60 nodes, shown in Figure 2, and their corresponding

precision matrices �1, �2, and �3. The graph for group 1
includes one hub node (node 1) while the graphs for groups
2 and 3 each have two hub nodes (node 1 and node 12). The
hubs have differing degree: in particular, node 12 in graph 3
has fewer edges than the other hub nodes. To construct the
precision matrices �k, k = 1, . . . , 3, we sample values from
the uniform distribution on {[−0.6, −0.4] ∪ [0.4, 0.6]} for the
nonzero elements. To ensure the positive definiteness, we use
an approach similar to that of Danaher et al. (2014), in which
we divide each off-diagonal element by the sum of the off-
diagonal elements in its row, and then average the matrix
with its transpose. To generate the simulated data sets, for
each �k, we sample n = 100 subjects from the multivariate
normal distribution N(0, �−1

k ) for k = 1, . . . , 3.

We compare the performance of bHUB against existing
methods in terms of graph learning and hub identification. We
apply methods designed for the inference of a single graph,
including the graphical lasso (GLASSO) (Friedman et al.,
2007), CLIME (Cai et al., 2011), and SSSL, that is, sepa-
rate Bayesian inference using Bernoulli edge priors (Wang,
2015), separately for each graph. Since it is the most com-
mon method for joint estimation, we also compare to the
joint graphical lasso (JGL) (Danaher et al., 2014) to per-
form joint estimation across multiple graphs. Although the
approach proposed in Mohan et al. (2014) is relevant to our
work, we did not include Mohan et al. (2014) as a comparison
because the software implementation provided is only for the
case of two groups, and the selection of tuning parameters
is acknowledged to be an open problem, making straight-
forward application of the method infeasible. The tuning
parameters for GLASSO and CLIME are selected using five-
fold cross-validation. To select JGL tuning parameters λ1

and λ2, as recommended in Danaher et al. (2014), we per-
form a grid search to find the parameter set that minimizes
the Akaike information criterion (AIC). For SSSL, we use
the hyperparameter setting v2

0 = 0.03, v2
1 = 3, π = 10/(p − 1),

and λ = 1. Finally, we apply our proposed method (bHUB)
with the parameter setting v2

0 = 0.03, v2
1 = 3, and λ = 1, so

the shared parameters with SSSL have identical settings.
We choose a and b in equation (5) so that the prior on
β2 has a mean of 0.025, implying that the edge inclusion
probability for hub nodes is 25 times larger than that of
non-hub nodes, given that β1 = 0.001. For the prior on τ,

1

Group 1
1

12

Group 2
1

12

Group 3

Figure 2. True graph structure for the illustrative example provided in Section 5. Node 1 is a true common hub node in all
graphs. Node 12 is a true common hub node for Graph 2 and Graph 3.
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which affects the prior probability of a node being a hub,
we use a Ga(aτ, bτ) density with aτ = 1.5 and bτ = 0.2, and
set logit−1(η) = 0.01 so that the default probability of being
a hub is 0.01. To obtain a sample from the posterior distribu-
tion, we run the MCMC sampler described in Section 4 with
2000 iterations as burn-in and 10,000 iterations as the basis of
inference.

Figure 3 illustrates the performance of each method. The
top panel (a) shows ROC curves for edge learning in each
graph. The middle panel (b) shows performance for identify-
ing true edges from hub nodes. The bottom panel (c) presents
the posterior probability of being a hub for each node. bHUB
shows good performance in graph structure learning, with a
higher AUC than other methods. In particular, as shown in

Figure 3. Performance comparison for the illustrative example provided in Section 5. The top panel (a) shows ROC curves
for identifying each graph structure. The middle panel (b) shows performance for identifying true edges from hub nodes,
where Graph 1 has one hub with 15 edges, Graph 2 has two hub nodes with 31 true positive edges, and Graph 3 has 26 true
positive edges from two hubs. The bottom panel (c) shows the posterior probability of each node being a hub in which node
1 is a true co-hub node in all graphs, and node 12 is a true co-hub for Graph 2 and Graph 3. The horizontal line represents
the posterior probability 0.5.
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panel (b), it outperforms other methods in identifying true
edges from hub nodes. As expected, the posterior probability
for node 12 in group 3 is slightly smaller than that of other
hubs, but in general, the posterior probability for nodes being
hub nodes indicates that the proposed method successfully
separates the hub nodes and non-hub nodes. Section S3 in the
Supplementary Materials addresses convergence of the sam-
pler. Figure S2 is a trace plot of the parameter τ, which shows
good mixing and no strong trends, while Figure S3 indicates
posterior convergence as demonstrated by agreement between
independent chains. Figure S4 in the Supplementary Materi-
als shows the degree distributions for the networks estimated
by each method.

6. Simulation Study

In this section, we present simulation results demonstrating
the performance of our proposed method for graph learning
and hub identification for a variety of different graph struc-
tures more complex than those considered in Section 5.

6.1. Simulation Set-Up

We generate a variety of graph structures: scale-free networks
with shared hubs (Setting 1), networks with shared edges
(Setting 2), and community networks (Setting 3). Figure 4
(Setting 1) and Figure S6 (Settings 2 and 3, Supplementary
Materials) illustrate the true graph structures for each simu-
lated setting. In all settings, node 60 is a true common hub
node across all graphs, and node 5 is a true co-hub for Graph 2
and Graph 3. We describe Setting 1 in more detail below. The
details for Settings 2 and 3 are given in the Supplementary
Materials.

In Setting 1, we consider scale-free random graphs, where
the node degrees follow a power-law distribution. A char-
acteristic property of scale-free networks is that there tend
to be a large number of nodes with low degree, and a
small number of highly connected hub nodes. Many biolog-
ical networks (including protein interaction and metabolic
networks) resemble-scale free networks (Albert, 2005). We
generate random graphs separately for each group using
the R package igraph (Csárdi and Nepusz, 2006). Since

we would like to measure the performance of learning hub
nodes, and there is no clear distinction between hub and
non-hub nodes in random networks, we select graphs that
include one or two nodes that are connected to more than
10 other nodes out of p = 60, and define these nodes as
hubs. To create common hub nodes, we permute the node
index so that highly connected nodes have a common index
across graphs. The nonzero elements of the precision matri-
ces �k for each graph Gk, k = 1, . . . , 3 are sampled from the
uniform distribution on {[−0.6, −0.4] ∪ [0.4, 0.6]}. In order to
make the matrices positive definite, following Mohan et al.
(2014), we average the matrix with its transpose to obtain
Ēk, and then update the diagonal elements by setting �k to
Ēk + (0.1 − 
min(Ēk))I, where 
min(Ēk) is the smallest eigen-
value of Ēk for k = 1, 2, 3. Then we scale each �k to have
diagonal elements 1. We generate random normal data using
�1, �2, and �3 as the true precision matrices for sample
size n = 100.

Our simulation results are averaged over 25 simulated data
sets. We apply each method with the same parameter settings
and procedures as in the illustrative example given in Sec-
tion 5. For both Bayesian methods, we use 2000 iterations of
burn-in followed by 10,000 iterations as the basis for posterior
inference.

6.2. Results

We average the estimates from the 25 simulated datasets
for each simulation setting. The results for Setting 1 (scale-
free networks) are given in Figure 5. Those for Setting 2
(networks with shared edges) and Setting 3 (community net-
works) are presented in Figures S7 and S8 (Supplementary
Materials). In each figure, the top panel (a) presents ROC
curves with AUCs for graph structure learning, the middle
panel (b) compares the performance for identifying the edges
of hub nodes, and the bottom panel (c) presents whisker
plots to summarize posterior inference on the hub status
of nodes using bHUB. Although many of the methods per-
formed well in terms of graph structure learning, bHUB
achieve the highest average AUC across the settings consid-
ered. Moreover, bHUB show improved power in learning the

Figure 4. True graph structure for each simulation setting described in Section 6 for Setting 1 scale free graphs. Node 60
is a true common hub node in all graphs, and node 5 is a true common hub node for Graph 2 and Graph 3.
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Figure 5. Setting 1. Results averaged over 25 simulated datasets. The top panel (a) shows ROC curves for identifying each
graph structure, with the area under curve (AUC) presented in parentheses. The middle panel (b) shows performance for
identifying true edges from hub nodes: Graph 1 has one hub with 12 edges, while Graph 2 and 3 have two hub nodes with 23
true positive edges respectively. The bottom panel (c) shows whisker plots of the posterior probability of each node being a
hub: node 60 is a true co-hub node in all graphs, and node 5 is a true co-hub for Graph 2 and Graph 3. The horizontal line
represents the posterior probability 0.5.

edges of highly connected nodes, which are a common feature
of biological networks. Finally, bHUB achieve a good sepa-
ration of the posterior probabilities for hub versus non-hub
nodes, demonstrating its utility in providing inference for the
identification of hub nodes. As shown in panel (c) of Fig-
ure 5, bHUB correctly identifies the true hub nodes in all
graphs.

7. Application to Learning Subtype-Specific
Networks for Ovarian Cancer

In this section, we illustrate the application of our method
to inference of co-expression networks across related sam-
ple groups. We consider gene expression data for ovarian
carcinoma from The Cancer Genome Atlas (TCGA). It has
been demonstrated that high-grade serous ovarian cancer
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Figure 6. P53 signaling pathway: Inferred posterior probability of being a hub for each node and inferred co-expression
networks for the ovarian cancer subtypes. CHEK1 (node 2) is a co-hub for all subtypes. CCNB2 (node 14) is a co-hub gene for
proliferative, mesenchymal, and differentiated subtypes, while the mesenchymal and immunoreactive subtypes share a co-hub
RRM2 (node 19).
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(HGS-OvCa) patients can be classified into four subtypes:
proliferative, mesenchymal, differentiated, and immunoreac-
tive (The Cancer Genome Atlas Research Network, 2011). In
the TCGA data set, these subtypes have sample sizes of 138,
109, 135, and 107 per group, respectively. Of the 11,864 genes
included in the data set, we considered three pathways for net-
work inference, selected for their relevance to ovarian cancer:
the P53 signaling pathway, the HR pathway, and the TGF-
beta pathway. Based on pathway information from the KEGG
database (Kanehisa et al., 2017), these pathways include 55,
26, and 74 genes, respectively. Alterations to the P53 signaling
pathway have been linked to cancer pathogenesis and resis-
tance to therapy, and are common in ovarian cancer (Stegh,
2012). The functional status of the homologous recombina-
tion (HR) pathway, which is critical in DNA damage repair,
has been shown to predict drug response in ovarian cancer
(De Picciotto et al., 2016), and recent studies have iden-
tified potential therapeutic targets in ovarian cancers that
harbor defects in the HR pathway (Ledermann et al., 2016;
Konstantinopoulos et al., 2015). Finally, the TGF-beta path-
way is also known to modulate the severity of ovarian cancer
(Yamada et al., 1999; Baldwin et al., 2003; Yeung et al., 2013).

We applied bHUB using the same parameter settings as
in the simulation studies, other than the prior on β2, which
was adjusted based on the number of input variables (see
Sections 3.5 and S2 in the Supplementary Materials for guid-
ance on the choice of parameter settings and sensitivity.) For
each pathway, we present the resulting posterior probabili-
ties of being a hub for each node in each subgroup, and the
inferred gene co-expression network based on the posterior
median graph. Figure 6 illustrates the results for the P53
signaling pathway. bHUB identifies the gene CHEK1 (node
2) as a co-hub gene for all subtypes. Bryant et al. (2014),
Kobayashi et al. (2015), and Kim et al. (2016) highlight
CHEK1 as a therapeutic target for ovarian cancer. In addi-
tion, we identify CCNB2 (node 14) as a co-hub shared by
the proliferative, mesenchymal, and differentiated subtypes,
and RRM2 (node 19) as a co-hub gene for the mesenchy-
mal and immunoreactive subtypes. Fu and Wang (2013) also
found that CCNE1 and CCNB2 are significant genes in the
P53 pathway. Zhou et al. (2013) showed that inhibition of
RRM2 reduce the proliferation of ovarian cancer. We provide
a full description of the results for the HR and TGF-beta
pathways, including figures and interpretation of the result-
ing networks, in Section S7 (Supplementary Materials, p.
14–18), where we also provide a comparison with results
obtained using separate Bayesian graphical model inference
(SSSL). In summary, these results demonstrate the utility
of bHUB in learning networks with biologically interpretable
features. The identified hub nodes have critical importance
to ovarian cancer phenotypes such as proliferation and sur-
vival. In general, our results suggest the potential utility of
bHUB in identifying treatment targets within biological net-
works.

8. Discussion

In this work, we have developed a novel modeling approach to
hub-based inference of multiple graphs. The proposed model
uses a latent indicator for each node to represent its status

as a hub. By linking these indicators through a Bayesian
hierarchical prior, we are able to encourage co-hubs between
groups, and also provide inference on hub nodes, which may
be preserved or perturbed across settings, and are of partic-
ular interest in biological networks. The hub status of each
node reflects the uncertainty over the inclusion of specific
edges; this is in contrast to assessing the node degree in the
posterior selected graph, which is conditional on the model
selection.

Through extensive simulation studies on various types
of networks, we have shown that our method offers good
performance for structure learning and improved power for
discovering edges from highly connected hub nodes. Moreover,
we provide accurate inference for the discovery of hub nodes.
The practical utility of the method was illustrated through an
application to co-expression networks across various subtypes
of ovarian cancer, where hub nodes are of particular inter-
est as treatment targets, and understanding whether a gene
is functioning as a hub for a particular subtype of disease
could potentially provide guidance on selection of the best
therapy.

9. Supplementary Materials

Supplementary materials, including details of the MCMC
sampling, sensitivity analysis, convergence diagnostics, and
the additional simulation and case study results referenced
in Sections 3–7, as well as Matlab code implementing the
proposed procedure, are available with this article at the
Biometrics website on Wiley Online Library.
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